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ABSTRACT 

We define Menger g-contraction and Menger asymptotically g-contraction maps with examples in this study. 

We have examined two coincidence point results in S-Menger space as an application of Menger g-contraction and 

Menger asymptotically g-contraction maps. 
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1. Introduction 

Karl Menger first proposed the idea of PM space in 1942. Although the notion of Theory of fixed points in 

metric spaces appears abstract, it has significant applications in several areas like the study of integral and differential 

equations [3,4,13]. 

Later, the study of generalized metric structures attracted considerable attention. Gahler [7,8] presented the idea of 

2-metric spaces, while B.C. Dhage [1] proposed the notion of D-metric spaces. However, Z. Mustafa and B. Sims 

[17] later observed that several results related to Dhage’s D-metric spaces were not valid. To overcome these 

difficulties, A novel generalized metric framework was presented by them known as the G-metric space. 

In the direction of generalized metric spaces, more advancements were made. In [10] S. Sedghi and Shobe the notion 

of D*-metric space was introduced as a generalization of G-metric space. Later, S-metric space was first proposed by 

Sedghi et al., which generalizes both D*-metric and G-metric spaces. They also established several fundamental 

characteristics of S-metric spaces and proved some fixed-point theorems for self-mappings in this setting [9]. 
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            On the other hand, coincidence point theorems for contraction and asymptotic contraction mappings in 

fuzzy metric spaces were studied by B. S. Choudhury et al. [2], which stimulated further research on weaker and 

asymptotically contractive conditions. By combining probabilistic structures with generalized metric concepts, S-

Menger spaces emerged as an important framework for research on fixed-point theory. In this direction, broadly 

Banach and Kannan type fixed point results in S-Menger spaces were obtained by Krishna Kanta Sarkar et al. [12], 

demonstrating the effectiveness of such hybrid structures. Numerous relevant findings have been found in the body 

of current literature in [14,15,16]. 

            In this document, we offer the concepts of Menger 𝑔 − contraction and Menger asymptotically  𝑔 −

 contraction in S-Menger spaces. As an application of these concepts, two coincidence point theorems are established 

in S-Menger spaces with examples. The obtained results extend the work of B. S. Choudhury et al. [2] in S-Menger 

areas. 

2. Preliminaries 

Definition 2.1. [11] A map 𝑇: [0,1]3  → [0,1] is a continuous t-norm if it meets the requirements listed 

below: 

 𝑇1: 𝑇( 𝜉, 1,1 ) =  𝜉, 𝑇(0,0,0) = 0  

 𝑇2: 𝑇( 𝜉, 𝜍, 𝜂 ) =  𝑇(𝜉, 𝜂, 𝜍) = 𝑇(𝜍, 𝜂, 𝜉) 

 𝑇3: 𝑇( 𝜉1, 𝜍1,𝜂1 ) ≥  𝑇(𝜉2, 𝜍2, 𝜂2, ) for 𝜉1 ≥ 𝜉2, 𝜍1, ≥  𝜍2,,  𝜂1 ≥ 𝜂2      

examples of t-norm are  

(1): 𝑇𝑝(𝜉, 𝜍, 𝜂)= 𝜉. 𝜍. 𝜂 product t-norm; 

(2): 𝑇𝑚(𝜉, 𝜍, 𝜂) =  𝑚𝑖𝑛{𝜉, 𝜍, 𝜂} minimum t-norm   

Definition 2.2 [13] Let 𝑔 and 𝑓 be two self-mappings on a nonempty set 𝑋(𝑖. 𝑒, 𝑔, 𝑓: 𝑋 → 𝑋). 𝐼𝑓    𝑔𝑧 = 𝑓𝑧 for 

some 𝑧𝜖𝑋.  then 𝑧 𝑖𝑠 called a coincidence point of 𝑔  and 𝑓 .  The mapping 𝑔  and 𝑓  are said to be weakly – 

compatible if they commute at their coincident point, i.e., (𝑔𝑓)𝑧 = (𝑓𝑔)𝑧.    

Definition 2.3 S-Menger space [12] 

S-Menger space is defined as the 3-tuple (𝑋, 𝑆, 𝑇). if X is a non-empty set, 𝑆 is a function defined on X3 to the set of 

distribution function and T is a continuous third order t-norm such that the following conditions are satisfied:  

(i) 𝑆(𝜉,𝜍,𝜂 )(0) = 0 for all  𝜉, 𝜍, 𝜂 ∈ 𝑋 

(ii)  𝑆(𝜉,𝜉,𝜍 )(𝑡) < 1 for 𝑡 > 0 with  𝜉 ≠  𝜍,  

(iii) 𝑆(𝜉,𝜍,𝜂  )(𝑡) = 1 for all 𝑡 > 0, if and only if   𝜉 = 𝜂 =  𝜍 . 

(iv) 𝑆(𝜉,𝜍,𝜂) (𝑡) ≥ 𝑇(𝑆(𝜉,𝜉,𝑝)(𝑡1), 𝑆 (𝜍,𝜍,𝑝)(𝑡2), 𝑆 (𝜂,𝜂,𝑝)(𝑡3)),  

Where 𝑡 = 𝑡1 + 𝑡2 + 𝑡3 and 𝑡, 𝑡1, 𝑡2, 𝑡3 > 0 for all 𝜉, 𝜍, 𝜂, 𝑝 ∈ 𝑋 
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Example 2.1. [12] Assume that 𝑋 = 𝑅 is a real line. The S-metric on 𝑋 is defined by 

                 𝑆(𝜉,𝜍,𝜂 )(𝑡) = {
|𝜉 − 𝜂| + | 𝜍 − 𝜂|, 𝑡 > 0.

0,                         𝑡 = 0
 

     Define 𝑝. 𝑞. 𝑟 = 𝑝𝑞𝑟  , ∀ 𝑝, 𝑞, 𝑟 ∈ [0,1] and let 𝑆 be the distribution function on  𝑋3 × (0, ∞) define by                 

                𝑆(𝜉,𝜍,𝜂 )(𝑡) =
𝑡

𝑡+𝑆(𝜉,𝜍,𝜂 )
 for all 𝜉, 𝜍, 𝜂 ∈ 𝑋 and 𝑡 > 0. 

Then (𝑅, 𝑆, 𝑜) is a space on X that is S-metric. 

Example 2.2.[12] Let S be an S-metric space as described in 2.1, and let 𝑋 = 𝑅 be a real line. 

𝑇(𝜉, 𝜍, 𝜂) = 𝜉. 𝜍. 𝜂 for every 𝜉, 𝜍, 𝜂 ∈ [0, 1]  and let 𝑆 be the distribution function on 𝑋3  defined by  

              𝑆(𝜉,𝜍,𝜂)(𝑡) =  {
0                            , 𝑡 = 0

𝑒𝑥𝑝
[

𝑆((𝜉,𝜍,𝜂))

𝑡
]
−1

, 𝑡 > 0
           for all 𝜉, 𝜍, 𝜂 ∈ 𝑋 𝑎𝑛𝑑 t > 0. 

Then (𝑅, 𝑆, 𝑇) is an S-Menger space. 

Lemma 2.1.[12]  𝑆(𝜉,𝜉,𝜍 )(. ) is non-decreasing for all   𝜉, 𝜍 𝑖𝑛 𝑋. 

Definition 2.4. [12] A sequence  {𝜉𝑛} in  (𝑋, 𝑆, 𝑇) is converges to 𝜉 ∈ 𝑋 if 𝑆(𝜉𝑛,𝜉𝑛,𝜉)( t) → 1  as 𝑛 → ∞ for each 

𝑡 > 0.i.e  for each 𝜖 > 0 and 𝑡 > 0  ∃ 𝑛0 ∈ 𝑁 so that for everyone 

𝑛 ≥ 𝑛0,  𝑆(𝜉𝑛,𝜉𝑛 ,𝜉)( t) > 1 − 𝜖 𝑜𝑟 𝑆(𝜉,𝜉,𝜉𝑛)( 𝑡) > 1 − 𝜖. 

Lemma 2.2. [12] Let (𝑋, 𝑆, 𝑇) be an S-Menger space, where T is minimum (H-type) 𝑡 − norm . Let {𝜉𝑛} be a 

series in X. If {𝜉𝑛} concludes at 𝜉 𝑎𝑛𝑑 {𝜉𝑛} also converges to 𝜍 𝑡ℎ𝑒𝑛 𝜉 = 𝜍. If exists is unique, that is the limit of 

{𝜉𝑛}. 

Definition 2.5. [12] Let   (𝑋, 𝑆, 𝑇) be an S-Menger space and {𝜉𝑛} be a sequence in X is referred to as a Cauchy 

sequence, if for any 𝜖 > 0 and 𝑡 > 0 there exists 𝑛0 ∈ 𝑁  such that 

𝑆(𝜉𝑛,𝜉𝑛,𝜉𝑚)  (𝑡) > 1 − 𝜖 

or 

𝑆(𝜉𝑚,𝜉𝑚,𝜉𝑛) ( 𝑡) > 1 − 𝜖 for all 𝑛, 𝑚 ≥  𝑛0. 

Definition 2.6. [12] Let   (𝑋, 𝑆, 𝑇) be an S-Menger space. X is referred to as a complete S-Menger space if all of its 

Cauchy sequences are convergent. 

Lemma 2.3. [12] Consider the S-Menger space(𝑋, 𝑆, 𝑇), where T is minimum (H-type) t-norm and {𝜉𝑛} be a 

sequence in X. If {𝜉𝑛} converges to 𝜉 , 𝑡ℎ𝑒𝑛  {𝜉𝑛} is a Cauchy sequence. 

Definition 2.7. [5] Let 𝑓  𝑎𝑛𝑑 𝑔 be self-mappings on 𝑆 −Menger space (𝑋, 𝑆, 𝑇) and {𝜉𝑛} be a sequence in 𝑋. 𝑓 

is said to be asymptotically regular at a point 𝜉0 ∈ 𝑋 if  

𝑆(𝑓𝑛(𝜉0),𝑓𝑛(𝜉0),𝑓𝑛+1(𝜉0)(𝑡) = 1, ∀ 𝑡 > 0 

Also, the sequence {𝜉𝑛} is said to be asymptotically regular with respect to the pair (𝑓, 𝑔) if  

lim
𝑛→∞

(𝑆(𝑓𝑛(𝜉𝑛),𝑓𝑛(𝜉𝑛),𝑓𝑛+1(𝜉𝑛)(𝑡)) = 1 , ∀ 𝑡 > 0 
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3. Main Result 

In this section, we will give Menger g-contraction and Menger asymptotically g-contraction maps with examples 

and give applications in coincidence point theory. 

Definition 3.1.  Let 𝑓  𝑎𝑛𝑑 𝑔 be two mappings that are specified on S- Menger space (𝑋, 𝑆, 𝑇) with values into 

itself. Then, f is referred to be a Menger g-contraction if 

                𝑡 > 0 𝑎𝑛𝑑  𝑆(𝑔𝜉 ,𝑔𝜉 ,𝑔𝜍)(𝑡) > 1 − 𝑡  

 ⇒          𝑆(𝑓𝜉 ,𝑓𝜉 ,𝑓𝜍)(𝑘𝑡) > 1 − 𝑘𝑡,        where 𝑘 ∈ (0,1)  

Example 3.1.  Let the S-Menger space be (𝑋, 𝑆, 𝑇). which is defined as in example 2.1. Let f and 𝑔 are self-maps on 

𝑋 defined by 𝑓(𝜉 ) =
𝜉 

2
 , 𝑔(𝜉 ) =

𝜉

4
  , 𝜉 ∈ 𝑋 

Then f is Menger g – contraction maps with respect to 𝑔  ,  (for 𝑘 =
1

2
 ) 

Definition 3.2.  Let 𝑓, 𝑔  𝑎𝑛𝑑 𝑇  be three self-maps defined on S- Menger space (𝑋, 𝑆, 𝑇) . Assume that T is 

asymptotically regular at 𝜉 ∈ 𝑋. If 𝑡 > 0, f is referred to as Menger asymptotically g-contraction with respect to 𝑇      

 𝑆(𝑔𝑇𝑛𝜉,𝑔𝑇𝑛𝜉,𝑔𝑇𝑛+1𝜉)(𝑡) > 1 − 𝑡 

 ⇒        𝑆(𝑓𝑇𝑛𝜉,𝑓𝑇𝑛𝜉,𝑓𝑇𝑛+1𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 where 𝑡 > 0 and  𝑘 ∈ (0,1) 

Example 3.2.  Let (𝑋, 𝑆, 𝑇) be the S- Menger space which is defined in example 2.1. Let f, g and T are self-maps on 

X defined by 𝑓(𝜉 ) =
𝜉

2
 , 𝑔(𝜉) =

𝜉

4
 and  𝑇(𝜉) =

𝜉

8
 , 𝜉 ∈ 𝑋. 

In that case, 𝑓 is Menger asymptotically g-contraction with regard to T and T is asymptotically regular at 𝜉 ∈ 𝑋 , 

(for 𝑘 =
1

2
 ). 

Proposition 3.1.  Let 𝑔 be a bijective mapping on (𝑋, 𝑆, 𝑇) and f is g-contraction on the S- Menger space 

(𝑋, 𝑆, 𝑇) then 𝑔−1𝑓 is a continuous mapping on (𝑋, 𝑆𝑔, 𝑇) with value into itself, where  𝑆𝑔(𝜉,𝜍,𝜂 )(𝑡) =

𝑆(𝑔𝜉,𝑔𝜍,𝑔𝜂)(𝑡). 

Proof. Let {𝜉𝑛}𝑛≥1 be a series in X such that 𝜉𝑛 →  𝜉 ∈ 𝑋 under S-Menger 𝑆𝑔.  

⇒   𝑆(𝑔𝜉𝑛,𝑔𝜉𝑛,𝑔𝜉)(𝑡) → 1 𝑎𝑠 𝑛 → ∞, 𝑓𝑜𝑟 every 𝑡 > 0. By definition 3.1 , it follows that,  

⇒   𝑆(𝑓𝜉𝑛,𝑓𝜉𝑛,𝑓𝜉)(𝑘𝑡) → 1 𝑎𝑠 𝑛 → ∞, 𝑓𝑜𝑟 every 𝑡 > 0, 

⇒   𝑆(𝑔𝑔−1𝑓𝜉𝑛,𝑔𝑔−1𝑓𝜉𝑛,𝑔𝑔−1𝑓𝜉)(𝑘𝑡) → 1 𝑎𝑠 𝑛 → ∞, 𝑓𝑜𝑟 every 𝑡 > 0, 

⇒   𝑆𝑔(𝑔−1𝑓𝜉𝑛,𝑔−1𝑓𝜉𝑛,𝑔−1𝑓𝜉)(𝑘𝑡) → 1 𝑎𝑠 𝑛 → ∞, 𝑓𝑜𝑟 every 𝑡 > 0. 

This demonstrates that 𝑔−1𝑓 is a continuous mapping with values into itself on (𝑋, 𝑆𝑔, 𝑇). 

Application of Menger g–contraction maps 

In this section we provide an application of Menger 𝑔 -contraction map in S-Menger space. 
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Theorem 3.1 Let (𝑋, 𝑆, 𝑇) be a complete S-Menger space. Let 𝑓, 𝑔, 𝑇 be three self-mappings on X with g is 

bijective, f, T are g-contractive mappings and 𝑓𝑔−1𝑓 = 𝑇𝑔−1𝑇. Then 𝑓, g and T have a coincidence point. That is 

there exists 𝑝 ∈ 𝑋 such that 𝑓𝑝 = 𝑔𝑝 = 𝑇𝑝. 

Proof:  For 𝑡 > 1 and 𝜉, 𝜍 ∈ 𝑋 We've 𝑆(𝑔𝜉,𝑔𝜉,𝑔𝜍)(𝑡) > 1 − 𝑡. Now, according to the definition of 𝑔-contraction 

We can state, 𝑆(𝑓𝜉,𝑓𝜉,𝑓𝜍)(𝑘𝑡) > 1 − 𝑘𝑡. Where 𝑘 ∈ (0,1) 

Now,  𝑆(𝑓𝜉,𝑓𝜉,𝑓𝜍)(𝑘𝑡) > 1 − 𝑘𝑡  

⇒  𝑆( 𝑔𝑔−1𝑓𝜉,𝑔𝑔−1𝑓𝜉,𝑔𝑔−1𝑓𝜍)(𝑘𝑡) > 1 − 𝑘𝑡 

That is,  𝑆𝑔( 𝑔−1𝑓𝜉,𝑔−1𝑓𝜉,𝑔−1𝑓𝜍)(𝑘𝑡) > 1 − 𝑘𝑡 

⇒  𝑆𝑔( ℎ𝜉,ℎ𝜉,ℎ𝜍)(𝑘𝑡) > 1 − 𝑘𝑡 where  𝑔−1𝑓 = ℎ 

Using the same technique, we obtain after the 𝑛𝑡ℎ iteration 

𝑆𝑔( ℎ𝑛𝜉,ℎ𝑛𝜉,ℎ𝑛𝜍)(𝑘𝑛𝑡) > 1 − 𝑘𝑛𝑡  

For every 𝜀 > 0, 𝛿 ∈ (0,1), there exist a positive 𝑛(𝜀, 𝛿) such that  𝑘𝑛𝑡 ≤ 𝑚𝑖𝑛 ( 𝜀, 𝛿) for every 𝑛 ≥ 𝑛(𝜀, 𝛿). 

Now    𝑆𝑔( ℎ𝑛𝜉,ℎ𝑛𝜉,ℎ𝑛𝜍)(𝜀) ≥  𝑆𝑔( ℎ𝑛𝜉,ℎ𝑛𝜉,ℎ𝑛𝜍)(𝑘𝑛𝑡) > 1 − 𝑘𝑛𝑡 > 1 −  𝛿 

Therefore  𝑆𝑔( ℎ𝑛𝜉,ℎ𝑛𝜉,ℎ𝑛𝜍)(𝜀) > 1 −  𝛿 

Let 𝜉0 ∈ 𝑋 and {𝜉𝑛} be the sequence of consecutive approximations described as  𝜉𝑛+1 = ℎ𝜉𝑛.  

Taking 𝜉 =  𝜉𝑚−𝑛 and 𝜍 = 𝜉0 from last inequality we get  

  𝑆𝑔( 𝜉𝑚,𝜉𝑚,𝜉𝑛)(, 𝜀) > 1 −  𝛿 for every 𝑛 ≥  𝑛(𝜀, 𝛿 ) and 𝑚 ≥ 𝑛. 

Therefor {𝜉𝑛} is Cauchy seq’n in X. 

Since (𝑋, 𝑆, 𝑇) is complete, then (𝑋, 𝑆𝑔, 𝑇) is likewise finished and has a point.𝑝 ∈ 𝑋 such that the sequence {𝜉𝑛} 

converges to 𝑝. Since, ℎ is continuous on (𝑋, 𝑆𝑔, 𝑇) we have, ℎ𝑝 = 𝑝  this implies that  𝑔−1𝑓𝑝 = 𝑝 that is 𝑓𝑝 =

𝑔𝑝. 

p is a point of coincidence. 

Again     𝑡 > 0 and 𝑆(𝑔𝜉,𝑔𝜉,𝑔𝜍)(𝑡) > 1 − 𝑡 

⇒  𝑆(𝑇𝜉,𝑇𝜉,𝑇𝜍)(𝑘𝑡) > 1 − 𝑘𝑡,      𝑘 ∈ (0,1)  

Likewise, we may demonstrate that there 𝑞 ∈ 𝑋 st, 𝑇𝑞 = 𝑔𝑞.  

We can prove 𝑝 = 𝑞 by using 𝑓𝑔−1𝑓 = 𝑇𝑔−1𝑇,  

Therefor, 𝑓𝑝 = 𝑇𝑝 = 𝑔𝑝, 

That is, 𝑓, 𝑔 𝑎𝑛𝑑 𝑇  have a coincidence point. 

Application of Menger asymptotically g-contraction maps 

  In this section we prove following theorem to provide application of Menger asymptotically 𝑔 -contraction map. 
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Theorem 3.2 Let 𝑓, 𝑔, 𝑇 are three mappings that are defined on the entire S-Menger space(𝑋, 𝑆, 𝑇). with values 

into itself where 𝑔 is bijective 𝑇 is asymptotically regular at 𝜉 ∈ 𝑋 and f is Menger asymptotically g-contraction with 

respect to T with 𝑓𝑇 = 𝑇𝑓,  𝑔𝑇 = 𝑇𝑔, 𝜉 ∈ 𝑋 and  𝑔−1𝑓𝑇 is continuous in X. Then 𝑓𝑇𝜉 = 𝑔𝜉. 

Proof: Given that 𝑓 is Menger's asymptotic g-contraction with respect to T, we obtain for  𝑡 > 0 using definition 

3.2. 

  𝑆(𝑔𝑇𝑛𝜉,𝑔𝑇𝑛𝜉,𝑔𝑇𝑛+1𝜉)(𝑡) > 1 − 𝑡 

 ⇒     𝑆(𝑓𝑇𝑛𝜉,𝑓𝑇𝑛𝜉,𝑓𝑇𝑛+1𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 where 𝑡 > 0 and  𝑘 ∈ (0,1) 

 ⇒    𝑆(𝑔𝑔−1𝑓𝑇𝑛𝜉,𝑔𝑔−1𝑓𝜉,𝑔𝑔−1𝑓𝑇𝑛+1𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 

⇒     𝑆𝑔(𝑔−1𝑓𝑇𝑛𝜉,𝑔−1𝑓𝑇𝑛𝜉,𝑔−1𝑓𝑇𝑛+1𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 

⇒     𝑆𝑔(𝑔−1𝑓𝑇𝑇𝑛−1𝜉,𝑔−1𝑓𝑇𝑇𝑛−1𝜉,𝑔−1𝑓𝑇𝑇𝑛𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 

⇒    𝑆𝑔(𝐴𝑇𝑛−1𝜉,𝐴𝑇𝑛−1𝜉,𝐴𝑇𝑛𝜉)(𝑘𝑡) > 1 − 𝑘𝑡, putting  𝑔−1𝑓𝑇 = 𝐴 

⇒    𝑆(𝑔𝐴𝑇𝑛−1𝜉,𝑔𝐴𝑇𝑛−1𝜉,𝑔𝐴𝑇𝑛𝜉)(𝑘𝑡) > 1 − 𝑘𝑡 

⇒    𝑆(𝑓𝐴𝑇𝑛−1𝜉,𝑓𝐴𝑇𝑛−1𝜉,𝑓𝐴𝑇𝑛𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 

⇒    𝑆(𝑓𝑔−1𝑓𝑇𝑇𝑛−1𝜉,𝑓𝑔−1𝑓𝑇𝑇𝑛−1𝜉,𝑓𝑔−1𝑓𝑇𝑇𝑛𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 

⇒    𝑆(𝑓𝑔−1𝑓𝑇𝑇𝑇𝑛−2𝜉,𝑓𝑔−1𝑓𝑇𝑇𝑇𝑛−2𝜉,𝑓𝑔−1𝑓𝑇𝑇𝑇𝑛−1𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 

⇒    𝑆(𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−2𝜉,𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−2𝜉,𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−1𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 

⇒    𝑆(𝑔𝑔−1𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−2𝜉,𝑔𝑔−1𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−2𝜉,𝑔𝑔−1𝑓𝑇𝑔−1𝑓𝑇𝑇𝑛−1𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 

⇒   𝑆𝑔(𝐴2𝑇𝑛−2𝜉,𝐴2𝑇𝑛−2𝜉,𝐴2𝑇𝑛−1𝜉)(𝑘2𝑡) > 1 − 𝑘2𝑡 putting  𝑔−1𝑓𝑇 = 𝐴 

Continuing this process, we get 

      𝑆𝑔(𝐴𝑛𝜉,𝐴𝑛𝜉,𝐴𝑛𝑇𝜉)(𝑘𝑛𝑡) > 1 − 𝑘𝑛𝑡 

For every 𝜀 > 0, 𝛿 ∈ (0,1), there exist a positive 𝑛(𝜀, 𝛿) such that  𝑘𝑛𝑡 ≤ 𝑚𝑖𝑛 ( 𝜀, 𝛿) for every 𝑛 ≥ 𝑛(𝜀, 𝛿). 

 𝑆𝑔(𝐴𝑛𝜉,𝐴𝑛𝜉,𝐴𝑛𝑇𝜉)(𝜀) >  𝑆𝑔(𝐴𝑛𝜉,𝐴𝑛𝜉,𝐴𝑛𝑇𝜉)(𝑘𝑛𝑡) > 1 − 𝑘𝑛𝑡 > 1 −  𝛿 

⇒  𝑆𝑔(𝐴𝑛𝜉,𝐴𝑛𝜉,𝐴𝑛𝑇𝜉) (𝜀) > 1 −  𝛿 

Let  {𝜉𝑛}  be a sequence defined by   𝜉𝑛+1 = 𝐴𝜉𝑛.  If we take 𝑇𝜉 =  𝜉𝑚−𝑛  and 𝜉  = 𝜉0  we get from the above 

inequality,  

𝑆𝑔(𝜉𝑚,𝜉𝑚,𝜉𝑛)(𝜀) > 1 −  𝛿 for every 𝑛 ≥  𝑛(𝜀, 𝛿) and 𝑚 ≥ 𝑛. 

Thus  {𝜉𝑛} is a Cauchy sequence. (𝑋, 𝑆𝑔, 𝑇) is complete since (𝑋, 𝑆, 𝑇) is complete. Consequently, the sequence 

{𝜉𝑛} converges to 𝜉 ∈ 𝑋.  

Once more since A is constant on (𝑋, 𝑆𝑔, 𝑇) , 𝐴𝜉 = 𝜉, 

⇒  𝑔−1𝑓𝐴𝜉 = 𝜉 

That is,  𝑓𝐴𝜉 = 𝑔𝜉 
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Example 3.3. Let 𝑋 = [0, ∞) with 𝑇(𝜉, 𝜍, 𝜂) = 𝜉. 𝜍. 𝜂  and let  

          𝑆(𝜉,𝜍,𝜂)(𝑡) = {[𝑒𝑥𝑝 (
|𝜉−𝜍 |+| 𝜍−𝜂 |

𝑡
)]

−1

    , 𝑡 > 0

0                        , 𝑡 = 0
  for all 𝜉, 𝜍, 𝜂 ∈  𝑋 𝑎𝑛𝑑 𝑡 ∈ (0, ∞).  

Consequently, (𝑋, 𝑆, 𝑇) is a complete S-Menger space. Describe 𝑓, 𝑔, 𝑇: 𝑋 → 𝑋  by 𝑓𝜉 = 𝑔𝜉 =
𝜉3

4
 and 𝑇𝜉 =

𝜉4

8
,  

for all 𝜉 ∈ 𝑋.  

Then this example supports the Theorem 3.2. 

Conclusion 

In the current investigation, we defined Menger g-contraction maps, Menger asymptotically g-contraction 

maps in newly defined S-Menger space with examples and applications in coincidence point theory. 
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