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ABSTRACT 

In this paper, we introduce and study the concept of soft 𝜁𝒮 − 𝒢 Hausdorff, soft 𝜁𝒮 − 𝒢 regular and soft 𝜁𝒮 −

𝒢 normal in soft topological spaces with soft grill. We establish several fundamental properties and examine the 
implications among these classes of spaces.   
Keywords: Soft sets, soft 𝜁𝒮 − 𝒢 closed set, 𝜁𝒮 − 𝒢 Hausdorff, soft 𝜁𝒮 − 𝒢 regular and soft 𝜁𝒮 − 𝒢 normal. 
Mathematics Subject Classification (MSC) 2020: 54A05, 54A10, 54D10. 

I. Introduction 

 Soft topological spaces were first studied by Shabir et-al [8] in 2011. soft open and soft closed sets, soft 

subspace, soft closure, soft neighborhood of a point, soft 𝜏𝑖-spaces, for i = 1, 2, 3, 4, soft regular spaces, soft normal 

spaces were among the fundamental concept of soft topological spaces that they created and established. In soft 

grill topological spaces, Rodyna A.Hosny[9] has introduced by soft regular and soft Hausdorff spaces. In this 

study, we present a new notion in soft grill topological spaces named  ζ𝒮 − 𝒢 normal, ζ𝒮 − 𝒢 Regular and ζ𝒮 − 𝒢 

Hausdorff along with several related with theorems and examples.  

II Preliminaries 

Definition 2.1 [8]  

A non empty collection ζ ⊆ 𝑆S(X, A) of soft sets over X is called a soft grill, if the following conditions 

hold:                                                                         

(i)   If F𝐴 ∈ ζ and F𝐴 ⊆ H𝐴, which implies H𝐴 ∈ ζ. 

(ii)  If F𝐴 ⊆ H𝐴 ∈ ζ , which implies F𝐴 ∈ ζ   or H𝐴 ∈ ζ . 
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Definition 2.2 [3] 

     Let  ζ𝒮  be a soft grill over a soft topological space (X, 𝜏𝒮, 𝒜). A soft set ℱß is called ζ𝒮  generalized closed 

set (briefly ζ𝒮 − 𝒢 closed set), if 𝜒ζ(ℱß) ⊆ 𝒰𝒜, whenever ℱß ⊆ 𝒰𝒜  and 𝒰𝒜  is  soft open in (𝒳, 𝜏𝒮, 𝒜). The 

complement of such set will be called ζ𝒮 − 𝒢 open set (resp. ζ𝒮- 𝒢 open set). 

Definition 2.3 [4] 

A function 𝛿𝑝𝑢: (𝑋, 𝜏𝒮 , ζ𝒮 , A)→ (𝑌, 𝜎𝒮 , B) is called soft generalized continuous functions in soft grill 

topological spaces (shortly ζ𝒮 − 𝒢   continuous)  if for soft closed set 𝐿𝐵  of (𝑌 , 𝜎𝒮 ,  B), 𝛿𝑝𝑢
−1((𝐿𝐵) ∈ ζ𝒮 −

𝒢𝐶(X, 𝜏𝒮 , ζ𝒮 , A). 

Definition 2.4 [4] 

A function 𝛿𝑝𝑢: (𝒳 , 𝜏𝒮, ζ𝒮
1, 𝒜)→ (Y, 𝜎𝒮,  ζ𝒮

2, ℬ) is called soft generalized irresolute in soft grill 

topological spaces (shortly ζ𝒮 − 𝒢 irresolute)  if for soft ζ𝒮 − 𝒢  closed set 𝐿ℬ of (Y, 𝜎𝒮,  ζ𝒮
2, ℬ), 𝛿𝑝𝑢

−1
((𝐿

ℬ) ∈ ζ𝒮 −

𝒢𝐶 (𝒳, 𝜏𝒮, ζ𝒮
1, 𝒜). 

Definition 2.5[10]  

 Let (X,𝜏, A) be a soft topological spaces over X, let (G,A) be a soft closed set in X and soft point 𝐸𝛼
𝑥  such 

that  𝐸𝛼
𝑥 ∉ (G, A). If there exist a two soft open sets (𝐹1, 𝐴) and (𝐹2, 𝐴) such that 𝐸𝛼

𝑥 ∈ (𝐹1, 𝐴), (G,A)⊆ (𝐹2, 𝐴) 

and (𝐹1, 𝐴) ∩ (𝐹2, 𝐴)=∅, then (X,𝜏, A) is called soft regular space. 

Definition 2.6 [10] 

 Let (X,𝜏, A) be a soft topological spaces over X, let (𝐺1,A) and (𝐺2,A)be a two disjoint soft closed sets. If 

there exist a two soft open sets (𝐹1, 𝐴) and (𝐹2, 𝐴) such that  (𝐺1,A)⊆ (𝐹1, 𝐴), (𝐺2,A)⊆ (𝐹2, 𝐴) and (𝐹1, 𝐴) ∩ 

(𝐹2, 𝐴)=∅, then (X,𝜏, A) is called soft normal space. 

Definition 2.7[9] 

Let 𝒢 be a soft grill on a soft topological spaces over (X,𝜏, E). Then, the space (X,𝜏, E) is called soft 𝒢 

regular if for any soft closed set F in 𝑋̃ with soft point 𝑥 ∉ F,  there exist disjoint soft open sets U and V such that 

𝑥 ∈ U and (F-V)∉ 𝒢. 

Definition 2.8 [1] 

 Let (X,𝜏, E) be a soft topological space and 𝑥, 𝑦 ∈ X such that 𝑥 ≠ 𝑦. (X,𝜏, E) is called soft Hausdorff 

spaces or soft 𝑇2-space if there exist a soft 𝜏 open sets F and G such that 𝑥 ∈ F, 𝑦 ∈ G and F∩G=∅. 

III.  𝛇𝓢 − 𝓖 Hausdorff Space 

In this section, we define a novel category of soft generalized Hausdorff space within the framework of soft 

grills as follows. 
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Definition 3.1 

 Let (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) be a soft grill topological space and 𝓍𝒜 , 𝓎𝒜 ∈ 𝒳𝒜  such that 𝓍𝒜 ≠ 𝓎𝒜 . If (𝒳, 𝜏𝒮 , ζ𝒮 , 

𝒜) is called soft ζ𝒮 − 𝒢 Hausdorff spaces or soft ζ𝒮 − 𝒢 − 𝑇2-space if there exist a soft ζ𝒮 − 𝒢 open sets ℱ𝒜 and 

ℋ𝒜  such that 𝓍𝒜 ∈ ℱ𝒜, 𝓎𝒜 ∈ ℋ𝒜  and ℱ𝒜 ∩ ℋ𝒜=∅𝒜. 

Example 3.2 

Let  𝒳 ={ μ1, μ2, μ3 }and𝒜={ α1} , 𝜏𝒮 = {∅𝒜, 𝒳𝒜, {μ1}, {μ2}, {μ3}, {μ1, μ2}, {μ2, μ3}, {μ1, μ3}} , and 

ζ𝒮={{μ1, μ2}, {μ2, μ3}, 𝒳𝒜}. Now 𝓍𝒜 = μ1,  𝓎𝒜 = μ2, ℱ𝒜 = {μ
1
}, ℋ𝒜 = {μ

2
, μ

3
} and ℱ𝒜, ℋ𝒜  are soft ζ𝒮 − 𝒢 

open sets such that 𝓍𝒜 ∈ ℱ𝒜, 𝓎𝒜 ∈ ℋ𝒜  and ℱ𝒜 ∩ ℋ𝒜=∅𝒜. Therefore (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 Hausdorff 

spaces. 

Theorem 3.3 

 Every soft Hausdorff space is soft ζ𝒮 − 𝒢 Hausdorff space. 

Proof 

 Let (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) be a soft grill topological space. Since every soft open set is soft ζ𝒮 − 𝒢 open set, it 

follows that (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 Hausdorff space. 

The converse of the above theorem is not true as seen from the following example. 

Example 3.4 

Let 𝒳={μ1, μ2, μ3}, 𝒜={α1}, 𝜏𝒮 = {∅𝒜, 𝒳𝒜, {μ1}, {μ2, μ3}, {μ1, μ3}}, and ζ𝒮 ={{μ1, μ2}, {μ2, μ3}, 𝒳𝒜}. 

Then (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜)  is a soft  ζ𝒮 − 𝒢 Hausdorff space but not soft Hausdorff space. 

Theorem 3.5 

 Every soft subspace of soft ζ𝒮 − 𝒢 Hausdorff space is soft ζ𝒮 − 𝒢 Hausdorff space. 

Proof 

 Assume that (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) be a soft ζ𝒮 − 𝒢 Hausdorff space and 𝒴𝒜  be a soft subspace of (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜). 

Since (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 Hausdorff space, 𝓇1 and 𝓇2 are the two soft point of 𝒴𝒜. By hypothesis, there 

exist soft ζ𝒮 − 𝒢 open sets ℰ𝒜  and ℱ𝒜 in 𝒳𝒜, 𝓇1 ∈ ℰ𝒜  , 𝓇2 ∈ ℱ𝒜, ℰ𝒜 ∩ ℱ𝒜 = ∅𝒜 . So,  ℰ𝒜 ∩ 𝒴𝒜  and ℱ𝒜 ∩ 𝒴𝒜  

are soft ζ𝒮 − 𝒢 open sets in 𝒴𝒜 . So 𝓇1 ∈ ℰ𝒜, 𝓇2 ∈ ℱ𝒜,  gives 𝓇1 ∈ ℰ𝒜 ∩ ℱ𝒜. Similarly 𝓇2 ∈ ℱ𝒜, 𝓇2 ∈ 𝒴𝒜  gives 

𝓇2 ∈ ℱ𝒜 ∩ 𝒴𝒜. But ℰ𝒜 ∩ ℱ𝒜  is a empty set, (𝒴𝒜 ∩ ℱ𝒜) ∩ (𝒴𝒜 ∩ ℰ𝒜)= 𝒴𝒜 ∩ (ℰ𝒜 ∩ ℱ𝒜) = 𝒴𝒜 ∩ ∅𝒜 = ∅𝒜. 

Hence ℰ𝒜 ∩ 𝒴𝒜  and ℱ𝒜 ∩ 𝒴𝒜  are disjoint soft ζ𝒮 − 𝒢 open sets in  𝒴𝒜  such that 𝓇1 ∈ ℰ𝒜 ∩ 𝒴𝒜  and 𝓇2 ∈

ℱ𝒜 ∩ 𝒴𝒜. Hence 𝒴𝒜  is a soft ζ𝒮 − 𝒢 Hausdorff space. 

Theorem 3.6 

 Let 𝒳𝒜  be a soft ζ𝒮 − 𝒢 Hausdorff space. Consider the two soft discrete points 𝓇1 and 𝓇2 of 𝒳𝒜, then 

there is a soft ζ𝒮 − 𝒢 open set ℱ𝒜 where 𝓇1 is a element of ℱ𝒜 and  𝓎𝒜 ∉ ζ𝒮 − 𝒢 − 𝑐𝑙 (ℱ𝒜). 
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Proof 

Consider any two soft discrete points 𝓇1  and 𝓇2  of 𝒳𝒜 , where 𝓇1 ≠ 𝓇2 . But 𝒳𝒜  is a soft ζ𝒮 − 𝒢 

Hausdorff space, then there exist two soft ζ𝒮 − 𝒢 open sets ℰ𝒜, ℱ𝒜 in 𝒳𝒜  where 𝓇1 is an element of ℰ𝒜  and 𝓇2 is 

an element of ℱ𝒜. Hence ℱ𝒜
𝐶  is a soft ζ𝒮 − 𝒢 closed set, gives ζ𝒮 − 𝒢 − 𝑐𝑙 (ℱ𝒜) ⊆ ℱ𝒜

𝐶 . Hence 𝓇2 is an element 

of ℱ𝒜
𝐶 . Thus 𝓇2 is not a element of ζ𝒮 − 𝒢 − 𝑐𝑙 (ℱ𝒜). 

IV.  𝛇𝓢 − 𝓖 REGULAR SPACE 

In this section, we define a novel category of soft generalized regular space within the framework of soft 

grills as follows. 

Definition 4.1 

 Let ζ𝒮  be a soft grill on a topological spaces (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜). A space 𝒳𝒜  is said to be a soft ζ𝒮 − 𝒢 regular, if 

for each pair consisting of a point 𝓍𝒜  and a soft ζ𝒮 − 𝒢 closed set ℱ𝒜 not containing 𝓍𝒜, there exist disjoint soft 

ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 𝒱𝒜  such that 𝓍𝒜 ∈ 𝒰𝒜and ℱ𝒜 − 𝒱𝒜  ∉ ζ𝒮 .  

Example 4.2 

               Let 𝒳={μ1, μ2}, 𝒜 ={α1, α2}, 𝜏𝒮 = {∅𝒜 , 𝒳𝒜 , K1, K2, K3, K4} and ζ𝒮={ρ1, ρ2, ρ3, ρ4, 

ρ5, ρ6, 𝒳𝒜},  where K1, K2, K3, K4, ρ1, ρ2, ρ3, ρ4, ρ5, ρ6 are soft subsets over 𝒳𝒜, we get  

the following K1 = {{μ1}, {μ2}}, K2={{μ2}, {μ1}}, K3 = {∅, {μ1}}, K4 = {{μ1}, 𝒳},  

ρ1 = {{μ1}, {μ1}}, ρ2 = {{μ2}, {μ1, μ2}}, ρ3 = {{μ2}, {μ2}}, ρ4 = K2, ρ5 = K1, ρ6 = K4, then  

(𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is soft ζ𝒮 − 𝒢 regular. 

Remark 4.3 

 Every soft regular spaces is soft ζ𝒮 − 𝒢 regular, but the converse may not be true. 

Example 4.4 

 Let 𝒳={μ1, μ2, μ3} and 𝒜 ={α1, α2}, 𝜏𝒮 = {∅𝒜, 𝒳𝒜, K1, K1, K2, K3, K4, K5, K6}, and 

 ζs={ρ1, ρ2, ρ3, ρ4, ρ5, ρ6, ρ7, ρ8, 𝒳𝒜}, where K1, K2, K3, K4, K5, K6, ρ1, ρ2, ρ3, ρ4, ρ5,  

ρ6, ρ7, ρ8 are soft subsets over 𝒳𝒜, we get the following: K1 = {{μ1}, {μ1}},  

K2={{μ2}, {μ2}}, K3 = {{μ1, μ2}, {μ1, μ2}}, K4 = {{μ2, μ3}, {μ2, μ3}}, 

K5 = {{μ1, μ3}, {μ1, μ3}}, K6 = {{μ3}, {μ3}},  ρ1 = {{μ1, μ2}, {μ1, μ3}}, ρ2 = {{μ1}, {μ1}},  

ρ3 = {{μ2}, {μ2}}, ρ4 = {{μ1, μ2}, {μ1, μ2}}, ρ5 = {{μ1}, {μ2, μ3}} , ρ6 = {{μ1}, {μ1, μ3}},  

 ρ7 = {{μ1, μ2}, {μ1}}, ρ8 = {𝒳, {μ1, μ3}}. Then (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is soft ζ𝒮 − 𝒢 regular, but  

not soft regular spaces  

Remark 4.5 

 Every soft ζ𝒮  regular spaces is soft ζ𝒮 − 𝒢 regular, but the converse may not be true. 
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Example 4.6 

 Let 𝒳={μ1, μ2, μ3}, 𝒜 ={α1, α2},𝜏𝒮 ={∅𝒜 , 𝒳𝒜 , K1, K1, K2, K3, K4, K5, K6, K7, K8, K9, K10, K11, K12} 

and  ζ𝒮={ρ1, ρ2, ρ3, ρ4, ρ5, ρ6, ρ7, ρ8, 𝒳𝒜}, where K1, K2, K3, K4, K5, K6, 

K7, K8, K9, K10, K11, K12, ρ1, ρ2, ρ3, ρ4, ρ5, ρ6, ρ7, ρ8 are soft subsets over 𝒳𝒜,we get  

the following: K1 = {{μ1}, {μ1}}, K2={{μ2}, {μ2}}, K3 = {{μ1, μ2}, {μ1, μ2}},  

K4 = {{μ2, μ3}, {μ2, μ3}}, K5 = {{μ1, μ3}, {μ1, μ3}}, K6 = {{μ3}, {μ3}}, K7 = {{μ1}, {μ2}},  

K8 = {{μ1, μ2}, {μ2}}, K9 = {{μ1}, {μ3}}, K10 = {{μ1, μ2}, {μ1, μ3}},K11 = {{μ1, μ3}, {μ1, μ2}},      

K12 = {{μ2}, {μ1, μ3}}, ρ1 = {{μ1}, {μ1, μ2}}, ρ2 = {{μ1}, {μ1}}, ρ3 = {{μ2}, {μ2}},  

ρ4 = {{μ1, μ2}, {μ1, μ2}}, ρ5 = {{μ1}, {μ2, μ3}} , ρ6 = {{μ1}, {μ1, μ3}},  

ρ7 = {{μ1, μ2}, {μ1}}, ρ8 = { 𝒳, {μ1, μ3}}. Then (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is soft ζ𝒮 − 𝒢 regular,  

but not soft ζ𝒮  regular spaces 

Theorem 4.7 

 Let (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) be a soft grill topological space and 𝓍𝒜 ∈ 𝒳𝒜. Then the following are equivalent: 

1) (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 regular. 

2) For every soft ζ𝒮 − 𝒢 closed set ℱ𝒜 not containing 𝓍𝒜, there exist disjoint soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 

𝒱𝒜  such that 𝓍𝒜 ∈ 𝒰𝒜  and ℱ𝒜 − 𝒱𝒜 ∉ ζ𝒮. 

Proof 

 (1)→(2): Let ℱ𝒜 be a soft ζ𝒮 − 𝒢 closed set such that 𝓍𝒜 ∩ ℱ𝒜 = ∅𝒜. Then 𝓍𝒜 ∉ ℱ𝒜. By hypothesis, 

there exist disjoint soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 𝒱𝒜  such that 𝓍𝒜 ∈ 𝒰𝒜  and ℱ𝒜 − 𝒱𝒜 ∉ ζ𝒮 . 

            (2)→(1): Let ℱ𝒜 be a soft ζ𝒮 − 𝒢 closed set such that 𝓍𝒜 ∉ ℱ𝒜. Then 𝓍𝒜 ∩ ℱ𝒜 = ∅𝒜. From (2), there 

exist soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 𝒱𝒜  such that 𝓍𝒜 ∈ 𝒰𝒜  and ℱ𝒜 − 𝒱𝒜 ∉ ζ𝒮 . Therefore, (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft 

ζ𝒮 − 𝒢 regular. 

Theorem 4.8 

 Let (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) be a soft grill topological space and 𝓍𝒜 ∈ 𝒳𝒜. Then the following are equivalent: 

1) (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 regular. 

2) For every soft ζ𝒮 − 𝒢 open set ℱ𝒜 such that 𝓍𝒜 ∈ ℱ𝒜, there exist a soft ζ𝒮 − 𝒢 open set  𝒰𝒜  such that 

𝓍𝒜 ∈ 𝒰𝒜  and ζ𝒮 − 𝒢 − 𝑐𝑙(𝒰𝒜) − ℱ𝒜 ∉ ζ𝒮 . 

3) For every soft ζ𝒮 − 𝒢 closed set ℳ𝒜  such that 𝓍𝒜 ∉ ℳ𝒜, there exist a soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  such that 

𝓍𝒜 ∉ 𝒰𝒜  and ζ𝒮 − 𝒢 − 𝑐𝑙(𝒰𝒜) ∩ ℳ𝒜 ∉ ζ𝒮. 

Proof 

 (1)→(2): Let ℱ𝒜 be a soft ζ𝒮 − 𝒢 open set such that 𝓍𝒜 ∈ ℱ𝒜. Then ℱ𝒜  𝐶  is a soft ζ𝒮 − 𝒢 closed set such 

that 𝓍𝒜 ∉ ℱ𝒜  𝐶. It follows by (1), there exist disjoint soft ζ𝒮 − 𝒢 open set  𝒰𝒜  and 𝒱𝒜  such that 𝓍𝒜 ∈ 𝒰𝒜  and 
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ℱ𝒜  𝐶 − 𝒱𝒜 = 𝒱𝒜
𝐶 − ℱ𝒜 ∉ ζ𝒮 . Since 𝒰𝒜 ∩ 𝒱𝒜 = ∅𝒜, then, 𝒰𝒜 ⊆ 𝒱𝒜

𝐶 . So ζ𝒮 − 𝒢 − 𝑐𝑙(𝒰𝒜) ⊆ 𝒱𝒜
𝐶  Hence 

ζ𝒮 − 𝒢 − 𝑐𝑙(𝒰𝒜) − ℱ𝒜 ⊆ 𝒱𝒜
𝐶 − ℱ𝒜 ∉ ζ𝒮 . 

             (2)→(3): Let ℳ𝒜  be a soft ζ𝒮 − 𝒢 closed set such that 𝓍𝒜 ∉ ℳ𝒜. Then ℳ𝒜
𝐶  is a soft  ζ𝒮 − 𝒢 open set 

such that 𝓍𝒜 ∈ ℳ𝒜
𝐶 . From(2), there exist a soft ζ𝒮 − 𝒢 open set  𝒰𝒜  such that  𝓍𝒜 ∈ 𝒰𝒜  and ζ𝒮 − 𝒢 −

𝑐𝑙(𝒰𝒜) − ℳ𝒜
𝐶= ζ𝒮 − 𝒢 − 𝑐𝑙(𝒰𝒜) ∩ ℳ𝒜 ∉ ζ𝒮. 

             (3)→(1): Let 𝒱𝒜  be a soft ζ𝒮 − 𝒢 closed set such that 𝓍𝒜 ∉ 𝒱𝒜. From (3), there exist a soft ζ𝒮 − 𝒢 open set 

ℱ𝒜  such that 𝓍𝒜 ∈ ℱ𝒜  and ζ𝒮 − 𝒢 − 𝑐𝑙(ℱ𝒜) ∩ 𝒱𝒜 = 𝒱𝒜  −(ζ𝒮 − 𝒢 − 𝑐𝑙(ℱ𝒜))C ∉ ζ𝒮 , where ℱ𝒜  and 

(ζ𝒮 − 𝒢 − 𝑐𝑙(ℱ𝒜))C are disjoint soft ζ𝒮 − 𝒢 open sets. Therefore, (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 regular. 

V.  𝛇𝓢 − 𝓖 NORMAL SPACE 

In this section, we define a novel category of soft generalized normal space within the framework of soft 

grills as follows 

Definition 5.1 

 Let ζ𝒮  be a soft grill on a topological spaces (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜). A space 𝒳 is said to be a soft generalized normal 

space in soft grill topological space(shortly soft ζ𝒮 − 𝒢 normal), if for every pair of disjoint ζ𝒮 − 𝒢 closed sets ℐ𝒜  

and 𝒥𝒜, there exist a disjoint ζ𝒮 − 𝒢 open set 𝒰𝒜  and 𝒱𝒜  such that ℐ𝒜 ⊆ 𝒰𝒜  and 𝒥𝒜 ⊆ 𝒱𝒜. 

Example 5.2 

 Let 𝒳={μ1, μ2, μ3} and 𝒜 ={α1, α2}, 𝜏𝒮 = {∅𝐴, X𝐴, , K1, K2, K3, K4, K5, K6, K7}, and 

 ζ𝒮={ρ1, ρ2, ρ3, ρ4, ρ5, ρ6, ρ7, ρ8, 𝒳},  where K1, K2, K3, K4, K5, K6, K7, ρ1, ρ2, ρ3, ρ4,  

ρ5, ρ6, ρ7, ρ8 are soft subsets over X𝒜, we get the following: K1 = {{μ1}, {μ1}},  

K2={{μ2}, {μ2}}, K3 = {{μ1, μ2}, {μ1, μ2}}, K4 = {{μ2, μ3}, {μ2, μ3}},  

K5 = {{μ1, μ3}, {μ1, μ3}}, K6 = {{μ3}, {μ3}},  ρ1 = {{μ1, μ2}, {μ1, μ3}}, ρ2 = {{μ1}, {μ1}},  

ρ3 = {{μ2}, {μ2}}, ρ4 = {{μ1, μ2}, {μ1, μ2}}, ρ5 = {{μ1}, {μ2, μ3}} , ρ6 = {{μ1}, {μ1, μ3}},  

 ρ7 = {{μ1, μ2}, {μ1}}, ρ8 = {𝒳, {μ1, μ3}}, then K1 and K2 is disjoint soft ζ𝒮 − 𝒢 closed  

set, K2 and  K5 is a disjoint soft ζ𝒮 − 𝒢 open sets such that  K1 ⊆ K5 , K2 ⊆ K2.  

Hence (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft  ζ𝒮 − 𝒢 normal space. 

Theorem 5.3 

 For a soft grill topological space (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) the following are equivalent: 

1) 𝒳𝒜  is soft ζ𝒮 − 𝒢 normal space. 

2) For each pair of disjoint ζ𝒮 − 𝒢 closed sets ℐ𝒜  and 𝒥𝒜, there exist a disjoint soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 

𝒱𝒜  such that ℐ𝒜 ⊆ 𝒰𝒜  and 𝒥𝒜 ⊆ 𝒱𝒜. 

3) For each soft ζ𝒮 − 𝒢 closed set ℐ𝒜  and any soft ζ𝒮 − 𝒢 open sets 𝑉𝐴 composing 𝒰𝒜, a soft ζ𝒮 − 𝒢 open set 

𝒰𝒜  becomes available so that ℐ𝒜 ⊆ 𝒰𝒜 ⊆ 𝜏ζ
𝒮 − 𝑐𝑙(𝒰𝒜) ⊆ 𝒱𝒜. 
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Proof 

           (1)→(2): For each soft open set is soft ζ𝒮 − 𝒢 open set. 

           (2)→(3): Assume that ℐ𝒜  is a soft ζ𝒮 − 𝒢 closed set and 𝒱𝒜  is a soft open set in (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) such  that 

ℐ𝒜 ⊆ 𝒱𝒜. Then ℐ𝒜  and 𝒳𝒜 − 𝒱𝒜  are disjoint soft ζ𝒮 − 𝒢 closed sets and so by (2), there exist disjoint soft ζ𝒮 − 𝒢 

open sets 𝒰𝒜  and 𝒲𝒜  such that  ℐ𝒜 ⊆ 𝒰𝒜and 𝒳𝒜 − 𝒱𝒜 ⊆ 𝒲𝒜. Since 𝒲𝒜  is a soft  ζ𝒮 − 𝒢 open set and  𝒳𝒜 −

𝒱𝒜 ⊆ 𝒲𝒜, where 𝒳𝒜 − 𝒱𝒜  is soft ζ𝒮 − 𝒢 closed set, we have by [1] theorem, 𝒳𝒜 − 𝑉𝐴 ⊆ 𝜏ζ
𝒮-int(𝒲𝒜), so 

𝒳𝒜 − 𝜏ζ
𝒮-int(𝒲𝒜) ⊆ 𝒱𝒜 . Again, 𝒰𝒜  ∩ 𝒲𝒜 = ∅𝒜, which implies that 𝒰𝒜  ∩ 𝜏ζ

𝒮 -int(𝒲𝒜) = ∅𝒜 , so 𝜏ζ
𝒮 −

𝑐𝑙(𝒰𝒜) ⊆ 𝒳𝒜 − 𝜏ζ
𝒮-int(𝒲𝒜) ⊆ 𝒱𝒜 . Thus 𝐼𝐴 ⊆ 𝒰𝒜  ⊆𝜏ζ

𝒮 − 𝑐𝑙(𝒰𝒜) ⊆ 𝒱𝒜, where 𝒰𝒜  is a soft ζ𝒮 − 𝒢open 

set. 

(3)→(1): Let ℐ𝒜  and 𝒥𝒜  are any two disjoint soft ζ𝒮 − 𝒢 closed set in 𝒳𝒜. Then by (3), there exist a soft  

ζ𝒮 − 𝒢 open set 𝒰𝒜   such that ℐ𝒜 ⊆ 𝒰𝒜 ⊆ 𝜏ζ
𝒮 − 𝑐𝑙(𝒰𝒜) ⊆ 𝒳𝒜 − 𝒥𝒜. Therefore 𝒰𝒜  is a soft  ζ𝒮 − 𝒢 open set 

and ℐ𝒜 ⊆ 𝒰𝒜  where ℐ𝒜  is a soft closed set in (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜), we have by [1] theorem that ℐ𝒜 ⊆ 𝜏ζ
𝒮-int(𝒰𝒜). 

Again, SS(𝒳𝒜 )− ∅𝒜 ⊆ ζ𝒮  implies that 𝜏ζ
𝒮 ⊆𝜏𝛼 =𝜏ζ

𝒮 int(𝒰𝒜), 𝒳𝒜 − 𝜏ζ
𝒮 − 𝑐𝑙(𝒰𝒜) ∈ 𝜏𝛼 . Thus ℐ𝒜 ⊆ 𝜏ζ

𝒮 −

𝑖𝑛𝑡(𝒰𝒜) ⊆ int(cl(int( 𝜏ζ
𝒮 − 𝑖𝑛𝑡(𝒰𝒜 ))))= ℳ𝒜  and 𝒥𝒜 ⊆ 𝒳𝒜 − (𝜏ζ

𝒮 − 𝑐𝑙(𝒰𝒜)) ⊆  int(cl(int( 𝜏ζ
𝒮 −

𝑖𝑛𝑡(𝒰𝒜))))= ℋ𝒜 . To show that (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is normal space, it now suffices to show that ℳ𝒜 ∩ ℋ𝒜 = ∅𝒜. 

In fact 𝓍𝒜 ∈ ℳ𝒜 ∩ ℋ𝒜  implies that 𝓍𝒜 ∈  int(cl(int( 𝜏ζ
𝒮 − 𝑖𝑛𝑡(𝒰𝒜 )))) and 𝓍𝒜 ∈ ℋ𝒜  implies that 

𝓍𝒜 ∈cl(int(𝜏ζ
𝒮 − 𝑖𝑛𝑡(𝒰𝒜 ))) and  𝓍𝒜 ∈ ℋ𝒜 ∈ 𝜏𝑆 , there exist 𝓎𝒜 ∈ int(𝜏ζ

𝒮 − 𝑖𝑛𝑡(𝒰𝒜)) and 𝓎𝒜 ∈ ℋ𝒜 ⊆ 

cl(int(𝒳𝒜 − (𝜏ζ
𝒮 − 𝑖𝑛𝑡(𝒰𝒜)))) implies that int(𝜏ζ

𝒮 −int (𝒰𝒜 ))∩ 𝒳𝒜 − (𝜏ζ
𝒮 − 𝑖𝑛𝑡(𝒰𝒜)))≠ ∅𝒜 , 𝜏ζ

𝒮 −int 

(𝒰𝒜) ∩ 𝒳𝒜 − (𝜏ζ
𝒮 − 𝑐𝑙(𝒰𝒜)) ≠ ∅𝒜 . Which  is a  contradictions. 

Theorem 5.4  

 If (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜) is a soft ζ𝒮 − 𝒢 normal space and  𝒴𝒜 ∈ 𝑆𝑆(𝒳𝒜) is a soft closed then (𝒴, 𝜏𝒴, ζ𝒮 , 𝒜) is 

a soft  ζ𝒮 − 𝒢 normal space. 

Proof 

 Let ℱ𝒜 and ℋ𝒜  be a disjoint soft ζ𝒮 − 𝒢 closed on  𝒳𝒜. Since 𝒴𝒜  is a soft  ζ𝒮 − 𝒢 closed, ℱ𝒜 and ℋ𝒜  be 

a disjoint soft   ζ𝒮 − 𝒢 closed on 𝒳𝒜. By hypothesis there exist soft  ζ𝒮 − 𝒢 open sets ℐ𝒜  and 𝒥𝐴 such that ℱ𝒜 ⊆

ℐ𝒜  and ℋ𝒜 ⊆ 𝒥𝐴 . Then ℱ𝒜 − ℐ𝒜 = 𝒦𝒜 ∉  ζ𝒮  and ℱ𝒜 ⊆ ℐ𝒜 ∪ 𝒦𝒜 . Therefore, ℱ𝒜 − (𝒴𝒜 ∩ ℐ𝒜) ⊆ (𝒴𝒜 ∩

𝒦𝒜) ∉  ζ𝒮 . Similarly, ℋ𝒜 − (𝒴𝒜 ∩ 𝒥𝐴) ∉  ζ𝒮 . Hence (𝒴, 𝜏𝒴, ζ𝒮 , 𝒜) is a soft  ζ𝒮 − 𝒢 normal space. 

Theorem 5.5 

 If (𝒳, 𝜏𝒮 , ζ𝒮 , 𝒜)  is an soft grill topological. If ℱ𝒜 is a soft closed and ℋ𝒜  be a soft  ζ𝒮 − 𝒢 closed set such 

that ℱ𝒜 ∩ ℋ𝒜 = ∅𝒜, then there exist disjoint soft  ζ𝒮 − 𝒢 open sets ℐ𝒜  and 𝒥𝐴 such that ℱ𝒜 ⊆ ℐ𝒜  and ℋ𝒜 ⊆

𝒥𝐴. 
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Proof 

         Since ℱ𝒜 ∩ ℋ𝒜 = ∅𝐴,  ℱ𝒜 ⊆ 𝒳𝒜 − ℋ𝒜  where 𝒳𝒜 − ℋ𝒜  is soft ζ𝒮 − 𝒢 open. By hypothesis, 𝑐𝑙𝑆(ℱ𝒜) ⊆

𝑋𝐴 − ℋ𝒜 . Since 𝑐𝑙𝑆 (ℱ𝒜) ∩ ℋ𝒜 = ∅𝒜  and 𝒳𝒜  is a soft ζ𝒮 − 𝒢  normal , there exist  disjoint soft ζ𝒮 − 𝒢 open sets 

ℐ𝒜  and 𝒥𝐴such that 𝑐𝑙𝑆 (ℱ𝒜) ⊆ ℐ𝒜  and ℋ𝒜 ⊆ 𝒥𝐴. Thus ℱ𝒜 ⊆ ℐ𝒜  and  ℋ𝒜 ⊆ 𝒥𝐴. 

Theorem 5.6 

 Let 𝛿𝑝𝑢: (𝒳, 𝜏𝒮 , ζ𝒮
1, 𝒜) → (𝒴, 𝜎S, ζS

2, ℬ) be a soft ζ𝒮 − 𝒢 homeomorphism function. If (𝒳, 𝜏𝒮 , ζ𝒮
1, 𝒜) 

is  soft ζ𝒮 − 𝒢 normal space, then (𝒴, 𝜎S, ζS
2, ℬ) is image of 𝒳𝒜  is soft ζ𝒮 − 𝒢 normal space. 

Proof 

  Let two disjoint soft subsets ℐℬ  and 𝒥ℬ in 𝒴ℬ. Given 𝛿𝑝𝑢 is a soft ζ𝒮 − 𝒢 homeomorphism, let ℱ𝒜 and ℋ𝒜  

is a soft ζ𝒮 − 𝒢  closed sets in 𝒳𝒜  defined as  ℋ𝒜 = 𝛿𝑝𝑢
−1(𝒥ℬ)  such that, ℱ𝒜 ∩ ℋ𝒜 = 𝛿𝑝𝑢

−1(ℐℬ ∩

𝒥ℬ)= 𝛿𝑝𝑢
−1(∅𝒜) = ∅𝒜 . By hypothesis, there exist soft open sets 𝒦𝒜  and ℒ𝒜  in 𝑋𝐴 such that ℱ𝒜 − 𝒦𝒜 ∉ ζS

1 

and ℋ𝒜 − ℒ𝒜 ∉ ζS
1. Then 𝛿𝑝𝑢(ℱ𝒜 − 𝒦𝒜) = 𝛿𝑝𝑢(𝐹𝐴) − 𝛿𝑝𝑢(𝒦𝒜)  ∉ ζ𝒮  and 𝛿𝑝𝑢(ℋ𝒜 − ℒ𝒜) = 𝛿𝑝𝑢(ℋ𝒜) −

𝛿𝑝𝑢(ℒ𝒜)  ∉ ζ𝒮  . Since 𝛿𝑝𝑢  is a soft ζ𝒮 − 𝒢  homeomorphism. Then 𝛿𝑝𝑢(𝒦𝒜) = 𝒱ℬ and 𝛿𝑝𝑢(ℒ𝒜) = 𝒲ℬ  are 

disjoint soft ζ𝒮 − 𝒢 open sets in 𝒴ℬ, then (𝒴, 𝜎𝒮 , ζ𝒮
2, ℬ) is image of 𝒳𝒜  is soft ζ𝒮 − 𝒢 normal space. 

Theorem 5.7 

  If  𝛿𝑝𝑢: (𝒳, 𝜏𝒮 , ζ𝒮
1, 𝒜) → (𝒴, 𝜎S, ζS

2, ℬ) be a soft ζ𝒮 − 𝒢 irresolute . If (𝒳, 𝜏𝒮 , ζ𝒮
1, 𝒜) is  soft ζ𝒮 − 𝒢 

normal space, then (𝒴, 𝜎S, ζS
2, ℬ) is  soft ζ𝒮 − 𝒢 normal space. 

Proof 

 Let 𝒦ℬ  and ℋℬ  be any disjoint soft ζ𝒮 − 𝒢 closed sets of 𝒴ℬ . Then 𝛿𝑝𝑢
−1(𝒦ℬ) and 𝛿𝑝𝑢

−1(ℋℬ) are 

disjoint soft ζ𝒮 − 𝒢 closed sets of 𝒴ℬ ,since 𝛿𝑝𝑢 is soft ζ𝒮 − 𝒢 irresolute function. Since 𝒳𝒜  is a ζ𝒮 − 𝒢 normal 

space, there exist a disjoint disjoint soft ζ𝒮 − 𝒢 open sets 𝒰𝒜  and 𝒱𝒜  in 𝒳𝒜  such that 𝛿𝑝𝑢
−1(𝒦ℬ) ⊆  𝒰𝒜  and 

𝛿𝑝𝑢
−1(ℋℬ) ⊆ 𝒱𝒜. By[2]  theorem, there exist soft ζ𝒮 − 𝒢 open sets ℐℬ  and 𝒥ℬ of 𝒴ℬ such that 𝒦ℬ ⊆ ℐℬ , ℋℬ ⊆

𝒥ℬ,  𝛿𝑝𝑢
−1(ℐℬ) ⊆ 𝒰𝒜  , 𝛿𝑝𝑢

−1(𝒥ℬ) ⊆ 𝒱𝒜. Then we have 𝛿𝑝𝑢
−1(ℐℬ) ∩  𝛿𝑝𝑢

−1(𝒥ℬ) = ∅𝒜  and hence  ℐℬ ∩ 𝒥ℬ =

∅𝒜. Therefore 𝒴𝒜  is soft ζ𝒮 − 𝒢 normal space. 

VI. CONCLUSION: 

 In this paper, we introduced and studied the concept of soft generalized Haussdorff, soft generalized 

regular and soft generalized normal in soft grill topological spaces. We established their basic properties and 

investigated the relationships among these soft generalized separation axioms. Moreover, soft generalized 

continuous and soft generalized irresolute mapping associated with these spaces were introduced and their 

fundamental properties were discussed. We hope that the result obtained in this paper will provided a useful 

foundation for further research on soft grill topological spaces and related areas. 
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