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ABSTRACT

In this paper, we introduce and study the concept of soft (s — G Hausdorff, soft {s — G regular and soft {5 —
G normal in soft topological spaces with soft grill. We establish several fundamental properties and examine the

implications among these classes of spaces.
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I. Introduction

Soft topological spaces were first studied by Shabir et-al [8] in 2011. soft open and soft closed sets, soft
subspace, soft closure, soft neighborhood of a point, soft T;-spaces, for i = 1, 2, 3, 4, soft regular spaces, soft normal
spaces were among the fundamental concept of soft topological spaces that they created and established. In soft
grill topological spaces, Rodyna A.Hosny[9] has introduced by soft regular and soft Hausdorff spaces. In this
study, we present a new notion in soft grill topological spaces named (s — G normal, {s — G Regular and (s — §
Hausdorft along with several related with theorems and examples.

II Preliminaries

Definition 2.1 [8]

A non empty collection { € SS(X, A) of soft sets over X is called a soft grill, if the following conditions

hold:

(i) IfF4 € Cand F4 € Hy, which implies Hy € C.

(i) IfF, € Hy € ¢, which implies F4 € { orHy € T.
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Definition 2.2 [3]

Let s be a soft grill over a soft topological space (X, Ts, A). A soft set Fy is called {5 generalized closed
set (briefly (s — G closed set), if x¢(Fg) € U, whenever Fg € U4 and Uy is soft open in (X, Ts, A). The
complement of such set will be called {s — G open set (resp. {s- G open set).

Definition 2.3 [4]

A tunction 8,y: (X, Ts, (s, A)— (Y, 05, B) is called soft generalized continuous functions in soft grill
topological spaces (shortly {s —G continuous) if for soft closed set Lg of (Y, gy, B), 8, ((Lg) € {5 —
GC(X, 75,35, A).

Definition 2.4 [4]

A function 8,y (X, Ts, € 51, A)= (Y, 05, C 52, B) is called soft generalized irresolute in soft grill
topological spaces (shortly {s — G irresolute) if for soft {g — G closed set Lg of (Y, g, ZSZ, B), 6;1} ((LB) €0, —
6 (x,1s, 35 A).

Definition 2.5[10]

Let (X,7, A) be a soft topological spaces over X, let (G,A) be a soft closed set in X and soft point E} such
that Ey & (G, A). If there exist a two soft open sets (F;, A) and (F,, A) such that Ey € (F;, A), (G,A)S (F,, A)
and (F;, A) N (F,, A)=0, then (X,7, A) is called soft regular space.

Definition 2.6 [10]

Let (X,7, A) be a soft topological spaces over X, let (G1,A) and (G,A)be a two disjoint soft closed sets. If
there exist a two soft open sets (Fy, A) and (F,, A) such that (G1,A)E (Fy, A), (G2,A)E (F,, A) and (F,A) N
(F3, A)=0, then (X,T, A) is called soft normal space.

Definition 2.7[9]

Let G be a soft grill on a soft topological spaces over (X,7, E). Then, the space (X,7, E) is called soft G
regular if for any soft closed set F in X with soft pointx & F, there exist disjoint soft open sets U and V such that
x € Uand (F-V)& G.

Definition 2.8 [1]

Let (X,7, E) be a soft topological space and x, y € Xsuch thatx # y.(X,7, E) is called soft Hausdorft

spaces or soft T,-space if there exist a soft T open sets F and G such that x € F, y € G and FNG=0.

III. {s — G Hausdorff Space

In this section, we define a novel category of soft generalized Hausdorff space within the framework of soft

grills as follows.
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Definition 3.1

Let (X, Ts, (s, A) be a soft grill topological space and x4, 44 € X 4 such that x4 # ¢ 4. 1f (X, 75, (s,
A) is called soft (s — G Hausdorft spaces or soft (s — G — T,-space if there exist a soft (s — G open sets F.4 and
Hysuchthatxy, € Fyoy g €E Hygand Fy N H 4= 4.
Example 3.2

Let X ={ py, Mz 03 tandA={ oy} , 75 = {040 X', {1} {2}, {usd (e, w2}, {zs s}, {g, u3}} 5 and
Os={{ry, mo}, {h2, 13}, X g} Now g = Wy, 90 = Mo, Fr = {1y}, Hoq = {1, 13} and F g, H g are soft s — G
open sets such that x4 € F 4,y 4 € H 4 and Fq N H 4=0 4. Therefore (X, Ts, (s, A) is a soft {s — G Hausdorft
spaces.
Theorem 3.3

Every soft Hausdorff space is soft {s — G Hausdorff space.
Proof

Let (X, Ts, (s, A) be a soft grill topological space. Since every soft open set is soft {s — G open set, it
follows that (X, T, (s, A) is a soft {s — G Hausdorft space.
The converse of the above theorem is not true as seen from the following example.
Example 3.4

Let X={py, Up, M3}, A={a1}, Ts ={B0 X g, {a} {i2, w3}, {1a, 33}, and {s={{1y, Ho}, {2, 3}, X 43
Then (X, Ts, (s, A) isasoft {s — G Hausdorff space but not soft Hausdorff space.
Theorem 3.5

Every soft subspace of soft {s — G Hausdorff space is soft {s — G Hausdorff space.
Proof

Assume that (X, Ts, (s, A) be a soft {s — G Hausdorft space and Y 4 be a soft subspace of (X, Ts, (s, A).
Since (X, T, (s, A) is a soft {s — G Hausdorft space, 7 and 77, are the two soft point of Y 4. By hypothesis, there
exist soft (s — Gopen sets E g and Fqin X g, 71 € E g, 72 € F g E4NF g =0 4.50, E4NYgand FyNY4
are soft (s — G open sets in Y 4. So 7y € E 4,1, € Fy, givesry € E4 N Fy. Similarly 7, € Fq, 7, € Y 4 gives
1, €FaNYgButEyNFyisaemptyset, (Yg NF) N (YaNEL)=YaN(EANFr)=YaNDy= Dy
Hence €4 N Y 4 and Fq N Y4 are disjoint soft {s — G open sets in Y4 such thatry € E4 N Y and 7, €
F.qNTY,4. Hence Y4 is asoft (s — G Hausdorft space.
Theorem 3.6

Let X 4 be a soft (s — G Hausdorff space. Consider the two soft discrete points 77 and 7% of X 4, then

there is a soft {5 — G open set F4 where 7 isaelementof F g and 44 € (s — G — cl (Fq).

Pi International Journal of Mathematical Sciences (19)



https://pijms.com/

Proof

Consider any two soft discrete points 77 and 75 of X4, where 7y # 7. But X4 is a soft (s — G
Hausdorff space, then there exist two soft {s — G open sets € 4, F.4 in X 4 where 77 is an element of € 4 and 7, is
an element of F 5. Hence F ;¢ is a soft {5 — G closed set, gives{s — G —cl (Fy) S F ¢ . Hence 7+ is an element

of F4¢. Thus 7 is not a element of {5 — G — ¢l (Fq).
IV. (s — G REGULAR SPACE

In this section, we define a novel category of soft generalized regular space within the framework of soft
grills as follows.
Definition 4.1

Let (s be a soft grill on a topological spaces (X, Ts, (s, A). A space X 4 is said to be a soft {s — G regular, if
for each pair consisting of a point x4 and a soft {g — G closed set F4 not containing x4, there exist disjoint soft
(s — Gopensets U4 and V4 suchthatx ; € U and Fy — V4 € Cs.
Example 4.2

Let X={py, uo}, A ={ay, 03}, 75 = {Boa, X, K1, Ko, K3, Ky} and Cs={p1, p2, p3, P4

Ps, Psr X.a}, where Ky, Ky, K3, Ky, p1, P2, P35 Pa> Pss Pe are soft subsets over X 4, we get
the following K; = {{Hl}»{uz}}, Kz={{uz},{u1}}, K; = {Q {H1}}: Ky = {{M}, X},
p1 = ({1} {ua}) p2 = {{e) {23}, p3 = {{Hz},{uz}}a P2 = K3, ps = Ky, pg = Ky, then
(X, Ts, Cs, A) is soft {s — G regular.
Remark 4.3

Every soft regular spaces is soft {s — G regular, but the converse may not be true.
Example 4.4

Let X={py, 2, u3} and A ={ay, a3}, 75 = {04, X 4, K1, Ky, K3, K3, Ky, K5, K}, and

(s={P1, P2, P3, P4, Ps, Pes P7, Pg, X.a}, where Ky, Ky, K3, Ky, Ks, Kg, p1, P2, P35 P4 s,

Pe» P7» Pg are soft subsets over X4, we get the following: Ky = {{u}, {113},

Ko={{nz}, {123} K = {{hy, w2}, (e, 123}, K = {2, 1ad, {ua, ms,

Ks = {1, ms (i, w33} Ko = {{usd, s} 1 = (s ), (e a3} p2 = {liad (i),
p3 = {{i2} {k2d}, pa = {lue o) (e 1233 ps = (i} {iz ms3} s pe = (i}, {ig a3,
p7 = {{ue, m2} {13}, ps = {6, {1, M33} Then (X, 5, Us, A) is soft {s — G regular, but

not soft regular spaces
Remark 4.5

Every soft (s regular spaces is soft {s — G regular, but the converse may not be true.
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Example 4.6
Let X={Wy, Uz, M3}, A ={oy, az},Ts ={B4, X4, K1, Ky, K3, K3, Ky, K, K, K7, Kg, Ko, K9, K11, Kq2}
and Gs={p1, P2, P3, P4, Ps, P, P7, Pg, Xoa}, where Ky, Ky, K3, Ky, K, K,
K7, Kg, Ko, K10, K11, K12, P15 P25 P35 P4> P55 Pe» P75 Pg are soft subsets over X 4,we get
the following: Ky = {{11}, {13}, Ko={{rz}, {23}, K5 = {{e, vz}, (e, 1233,
Ka = {{i2, s} (2, a3} Ks = {0, 1), (e, 13} Ko = (s}, (s 1) Ko = {{ad {23},
Ke = ({1, M2}, {123}, Ko = {{ia}, {iad} Kao = {{he, o}, (e, s 33Kan = ({ha, s} (e, a3
Kiz = {{uz} (e, usdh p1 = {{gd {ug v23d p2 = ({dh {udddh ps = {{Hz}’{lvlz}},
pa = {{he, mod {ue, 123} ps = (e} (k2 13}, pe = (e} (e, 333
p7 = {{ne, u2} {113} ps = { X, {1y, u3}). Then (X, T5, s, A) is soft {s — G regular,

but not soft {5 regular spaces
Theorem 4.7
Let (X, Ts, (s, A) be a soft grill topological space and x4 € X 4. Then the following are equivalent:
1) (X, s, (s, A)isasoft {s — G regular.
2) For every soft {s — G closed set F 4 not containing x 4, there exist disjoint soft {s — G open sets U 4 and
Vysuchthatxy, € Uyzand Fy —Vy € Cs.
Proof
(1)—(2): Let F4 be a soft {s — G closed set such thatx 4 N F,; = Q4. Then x4 & F 4. By hypothesis,
there exist disjoint soft (s — G open sets U 4 and V4 such thatx 4 € U4 and Fq — V4 & (5.

(2)—(1): Let F 4 be a soft {s — G closed set such thatx 4 & F4. Thenx 4 NFy = @ 4. From (2), there
exist soft {5 — G open sets U 4 and V4 such thatx 4 € U 4 and Fq — V4 € 5. Therefore, (X, s, (s, A) is a soft
(s — G regular.

Theorem 4.8
Let (X, Ts, (s, A) be a soft grill topological space and x4 € X 4. Then the following are equivalent:
1) (X, 7ts,(s,A)isasoft {s — G regular.
2) For every soft (s — G open set F4 such thatx 4 € F4, there exist a soft (s — G open set U 4 such that
X3 EUgandls — G —cl(Uy) —Fyq € Cs.
3) For every soft (s — G closed set M 4 such that x4 & M 4, there exist a soft {s — G open sets U 4 such that
Zq & Ugandls — G —cl(Ug) N My € Ts.
Proof
(1)—(2): Let F4 be a soft {s — G open set such that x4 € F,q. Then F4 € is a soft {5 — G closed set such

that x4 & F4 . It follows by (1), there exist disjoint soft {s — G open set U4 and V4 such that x4 € U4 and
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Fol—V,=V,"—F,¢0. SincelUy NV, =0y, then,Uy S V6. Sols — G —cl(Uy) S V,4° Hence
Gs =G —cl(Up) = Fa SVa" —Fu €35
(2)—(3): Let M4 be a soft {s — G closed set such that x4 & M. 4. Then M ;€ is a soft (s — G open set

such that x4 € M4©. From(2), there exist a soft (s — G open set Uy such that x4 € U, and {s — G —
cl(Uy) — M =T — G —cl(Uy) N My € s

(3)—(1): Let V4 be a soft {sg — G closed set such that x4 & V4. From (3), there exist a soft {s — G open set
Fy such that x4 €F4 and -G —cl(F) NV, =V, —((—G—cl(F)) & ¢, where F; and
(Gs — G — cl(F )€ are disjoint soft {s — G open sets. Therefore, (X, Ts, {5, A) is a soft {s — G regular.
V. {s — G NORMAL SPACE

In this section, we define a novel category of soft generalized normal space within the framework of soft
grills as follows
Definition 5.1
Let (s be a soft grill on a topological spaces (X, Ts, (s, A). A space X is said to be a soft generalized normal
space in soft grill topological space(shortly soft (g — G normal), if for every pair of disjoint (g — G closed sets J 4
and J 4, there exist a disjoint {g — G open set U 4 and V.4 such that T4, € U 4 and J 4 € V4.
Example 5.2
Let X={py, Mz, u3} and A ={ay, @}, Ts = {D4, X4, , K1, Kz, K3, Ky, K5, Ko, K7}, and
0s=1P1, P2, P3, P4 Ps, P6s P7, Pgs X}, where Ky, K3, K3, Ky, Ks, Ko, K7, p1, P2, P35 Pas
Ps» Per P7» Pg are soft subsets over X 4, we get the following: Ky = {{p,}, {n1}},
K2={{U2}» {Uz}}> Kz = {ng, mob {ng, n23} Ky = {{HZ: s}, {H2, Hs}},
Ks = {{Hp s} (g, Hs]‘}» Ke = {{us} {us}} p1 = {{u vz}l wsdh p2 = g {33,
P3 = {{liz}; {Mz}}a pa = {{ne, M2} (e n2}} ps = {{ad {u2, u33} 5 pe = {{ne ) (e, 133},
p7 = {{ne, M2} {113}, pe = {X, {11, 133}, then Ky and K; is disjoint soft { — G closed
set, Ky and Kj is a disjoint soft {s — G open sets such that K; € K5, K; € K.
Hence (X, 75, (s, A) is a soft {s — G normal space.
Theorem 5.3
For a soft grill topological space (X, T, (s, A) the following are equivalent:
1) X issoft (s — G normal space.
2) For each pair of disjoint s — G closed sets 7 4 and J 4, there exist a disjoint soft {s — G open sets U 4 and
Vysuchthatd; € Uy and J 4 € Vy.
3) For each soft {s — G closed set I 4 and any soft {s — G open sets V4 composing U 4, a soft {s — G open set

U 4 becomes available so that T4, € U 4 © TZS —cl(Uy) SV,
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Proof
(1)—(2): For each soft open set is soft {sg — G open set.
(2)—(3): Assume that J 4 is a soft {s — G closed set and V4 is a soft open set in (X, Tg, (s, A) such that

Ja4 € V4. ThenJ 4 and X 4 — V4 are disjoint soft {g — G closed sets and so by (2), there exist disjoint soft {s — G
open sets U 4 and W4 such that 74 € U and X g — Vg € Wy Since W is a soft (s — G open setand X 4 —
Vi €Wy, where X g — Vs soft (s — G closed set, we have by [1] theorem, X4, —V, © qu-int(qu), )
X4 — Tzs—int(Wcﬂ) S Vy. Again, Uy N W4 = @4, which implies that U4 N Tz‘g—int(Wﬂ) =@y, so ‘L'{S —
c(Uy) € X4 — T(S'il’lt(qu) CVy. Thusl, € Uy, QTZS —cl(Uy) €EVy, where U4 is a soft (s — Gopen
set.

(3)—(1): Let I 4 and J 4 are any two disjoint soft {s — G closed set in X 4. Then by (3), there exist a soft
(s —GopensetUy suchthatd g €U, S Tzs —cl(Uy) € X4 — Jx- Therefore U 4 is a soft {s — G open set
and 74 € U4 where J 4 is a soft closed set in (X, 75, (s, A), we have by [1] theorem thatJ, & T(S-int('uﬂ).
Again, SS(X 4)— @4 € (s implies that T(‘SET“=T(‘Sint(‘qu), X4 — Tg‘g —cl(Uy) €t*. Thusdy S T(s -
int(Uyg) S int(cliing 75 — int(Uy )= Mg and Ju € X4 — (17 —cl(Ug)) € ine(cl(ing( 75 —
int(U,))))=H4. To show that (X, s, (s, A) is normal space, it now suffices to show that M ; N H 4 = @ 4.
In fact x4 € M4y NH, implies that x4 € int(cl(int( Tg‘s —int(Uy ) and x4 € H 4 implies that
x4 Ecl(ing(ts® — int(Uy))) and x4 € H4 € T, there exist 44 € int(1° — int(Uy)) and gy € Hy S
cl(int( X4 — (1¢° — int(U,)))) implies that int(7z° —int (U,))N X g — (17° — int(Uy)))# B4, 15 —int
(U ) NXy— (T(S —cl(u dq)) # @ 4. Which isa contradictions.
Theorem 5.4

If (X, Ts, (s, A) is a soft (g — G normal space and Y 4 € SS(X 4) is a soft closed then (y, Ty, s, cﬂ) is
asoft {s — G normal space.
Proof

Let F4 and H 4 be a disjoint soft {g — G closed on X 4. Since Y 4 is a soft (s — G closed, .4 and H 4 be
a disjoint soft {5 — G closed on X 4. By hypothesis there exist soft (s — G open sets J 4 and J4 such that F;
Jgand H 43 S Ju. ThenFy -9 =K, & (s andFy S T4 UK,. Therefore, Fy — (Y, NT4) S (Yyu N
K4) & s Similarly, Ky — (Yu N Ja) € G Hence (Y, Ty, s, A)isasoft {s — G normal space.
Theorem 5.5

If (X, Ts, (s, A) is an soft grill topological. If F.4 is a soft closed and H 4 be a soft {s — G closed set such
that Fg N H 4 = @4, then there exist disjoint soft (s — G open sets J 4 and J4 such that Fq EJ4and H 4 €

Jda-
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Proof
SinceFgN Hy =0y, Fq<s Xy—Hyqwhere X4 —H 4is soft {s — G open. By hypothesis, clg(F4) &

Xy — Hy. Sincecls (Fqg) NH 4 = @4 and X 4 is asoft (s — G normal, there exist disjoint soft {s — G open sets
J 4 and Jysuch thatclg (Fy) €I gand Hy © J4. ThusF 4y € T4 and Hoy S Jy-
Theorem 5.6

Let 8,y (X, Ts, i A)= (Y, 05, (%, B)beasoftls — G homeomorphism function. If (X, Tg, i A)
is soft (s — G normal space, then (Y, os, {s%, B)is image of X4 is soft {s — § normal space.
Proof

Let two disjoint soft subsets J3 and Jp in Yg. Given &y, is a soft {s — G homeomorphism, let F.4 and H 4
is a soft (s — G closed sets in X4 defined as H, = 5pu_1(<73) such that, FyNH 4, = 6pu_1(73 N
Jz)= 5pu_1((25ﬂ) = @ 4. By hypothesis, there exist soft open sets K4 and L 4 in X4 such thatF4 — K4 € Zsl
andH, — Ly & 5" Then 8,y (Fg — Kog) = Spu(Fa) — 8pu(HKa) € Usand 8y (Hg — Lig) = 8py(H) —
Opu(Ly) € Qs . Since 8y is a soft (g — G homeomorphism. Then 6,,, (K 4) = Vg and 6,,,(L4) = Wg are
disjoint soft {s — G open sets in Yz, then (Y, o, (%, B)is image of X4 is soft {s — § normal space.
Theorem 5.7

If Gpy: (X, Ts, it A) = (Y, 05, L%, B) be a soft {s — G irresolute . If (X, Ts, {5, A) is softls — G
normal space, then (Y, os, 5%, B) is soft {s — G normal space.
Proof

Let K and Hg be any disjoint soft {s — G closed sets of Yg. Then 5pu_1(7C«B) and Spu_l(}[g) are
disjoint soft {s — G closed sets of Yg ,since &y, is soft {s — G irresolute function. Since X4 is a {s — G normal
space, there exist a disjoint disjoint soft {s — G open sets U 4 and V4 in X 4 such that Spu_l(JC«B) C U4 and
6pu_1(57'[73) C V4. By[2] theorem, there exist soft {s — G open sets Ig and Jg of Yg such that Ky € Jg, Hg &
Iz, S (I8) € Ua, 8pu ' (J5) S Vig. Then we have 8,y (I5) N 8py~ " (J5) = B4 and hence I N Jp =
@ 4. Therefore Y 4 is soft {s — G normal space.

VI. CONCLUSION:

In this paper, we introduced and studied the concept of soft generalized Haussdorff, soft generalized
regular and soft generalized normal in soft grill topological spaces. We established their basic properties and
investigated the relationships among these soft generalized separation axioms. Moreover, soft generalized
continuous and soft generalized irresolute mapping associated with these spaces were introduced and their
fundamental properties were discussed. We hope that the result obtained in this paper will provided a useful

foundation for further research on soft grill topological spaces and related areas.
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