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ABSTRACT

A graph G with "p" vertices and " q" edges is called a Centered Octagonal sum graph(COSG) if it admits a labeling
known as Centered Octagonal sum labeling(COSL). COSL is an injective function h:V(G) — N, where N represents the set
of all non- negative integers that induces a bijection h* : E(G) — { cPg(1),cPg(2), -+, cPg(q) } of the edges of G defined by
h*(uv) = h(uw) + h(v) for every e = uv € E(G), where cPg(1),cPg(2), -+, cPg(q) are the first q Centered Octagonal
numbers. In this work, we prove that various families of graphs, such as Caterpillars, Olive trees, Shrub St(ny,ny, -+, Ny, ),
Banana tree Bt(ny,ny, -+, Nyy,), H — graphs and H © Ky are Centered Octagonal sum graphs.
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Introduction

In this paper, we focus on non-trivial finite, simple undirected graphs. The vertex set and edge set of a graph
G are denoted by V(G) and E(G) respectively. We adopt the graph theoretic notations and terminology from
Bondy and Murty * and the number theory concepts from Burton'. Numerous types of labeling’ s have been
introduced and explored by various researchers, and an excellent review of graph labeling can be found in*.
Definition 1.1

Numbers of the form ¢Pg = (2n — 1)?, for all n = 1 are called Centered Octagonal numbers. The first
tew Centered Octagonal numbers are 1,9,25,49,81, -+
Definition 1.2

COSL is an injective function h:V(G) — N, where N represents the set of all non- negative integers that
induces a bijection h* : E(G) = { cPg(1),cPg(2),-+-,cPg(q) } of the edges of G defined by h*(uv) = h(u) +
h(v) forevery e = uv € E(G). where cPg(1), cPg(2), -+, cPg(q) are the first ¢ Centered Octagonal numbers
Definition 1.3

A graph G is called a COSG if it admits COSL.

Definition 1.4
Shrub St(ny, ny,n3, ..., Ny,) is a graph obtained by connecting a vertex v to the central vertex of each of m

numbers of stars
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Definition 1.5
Banana tree denoted by Bt(ny, ny, ng, ..., ny,) (M times n) is a graph obtained by connecting a vertex v to one

leaf of each of m number of stars

2.Main Results
Theorem 2.1
Caterpillars S(n4, ny, n3, ..., ny,) are COSG foralln, > 1
Proof
Let By: ugUpuUs -+ Uy, be a path with m vertices. From each vertex ug,s = 1,2, ..., m there are n,. ,7 =
1,2,3,...,m pendent vertices say Ugqy, Usp, Us3, -, Ugp,. The resulting graph is known as caterpillar and is
represented as S(1n4, 1y, N3, ..., Nyy).
The caterpillar graph S(ny,ny,n3, ...,ny) = G has m +ny +n, + ng + -+ + ny, vertices and g =m—1+
ny; +n, + ng + -+ + ny, edges.
Define h:V(G) — N by
h(u;) =0
h(ug) = cPg(s —1) —h(us_1) ;2<s<m
h(u,) = cPg(m—1+7r) ;1<r<n
h(ug,) = cPg(m—14+ny+ny, + -+ ne_; +71)— h(uy)
s=234,..m ; =123, ..,n,
and the induced edge labels are
h*(uuy) = cPg(1)
h+(usus+1) = h(us) + h(usy1) = cPg(s) ; s=234,-m—1
ht(uuq,) = cPgm—1+71r) ;r=1,23,..,14
ht(ugug) =h(us) + h(ug) = cPs(m—1+4+n,+n, + -+ ng_q +7);
r=12,..,ng;s =23,..,m
As aresult, the induced edge labels represent the first ¢ Centered Octagonal numbers.
Hence Caterpillars S(ny, n,, 13, ..., nyy,) are COSG foralln, > 1
Theorem 2.2
Olive trees are COSG’s
Proof
Let u be the root. Let U4, Uy, - Uy, be the vertices in the first level. Let Uy,, Uyg, *+* Uy, be the n — 1 vertices
in the second level and so on. Let U, be the unique vertex in the n*" level. Then uguy, 1 <7 <N Up Uy, 2 <

T <N; Uppllzy 3T SNt Upy_1pUyy are the edges in the corresponding levels.

Then G has n(nZH) edges and n(nt1) + 1 vertices
Define h: V(G) — N by

h(uy) =0

h(uq,) = cPg(r), 1<r<n

m(m—1)

h(uy,,) = cPg [(m —1n-— ——* r] — h(um_l,r)
where m(represent each level) = 2,3---,n; r=mm+1,--,n
This induces the edge labels as follows
h* (uouy,) = h(ug) + h(uy,)
=0+ cPg(r)
= cPg(7) 1<r<n
h* (ulrqu) = h(ulr) + h(u2r)
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= h(uy,;) + CPg[n—1+r] — h(uy,)
=cPgn—1+r] 1<r<n-1
h* (upruz,) = h(uy,) + h(us,)
= h(uy,) + Pg[2n — 3 + k] — h(u,,)
= cPg[2n —3 + 1] 1<r<n-2

h* (un—lnunn) = h(un—ln) + h(unn)

= h(ttn-1)+CPs [ (n — Dn =222t 1] = A(uty_1)
e, 22
Hence the injective function h induces first cPg [n(n;l) edge labels. Therefore, Olive trees are COSG’s
Theorem 2.3
Shrub St(ny,ny, -+, ny,) isa COSG
Proof
Let V(Sttny,ng, ) =W, v 511 <7 <m1<s <n,} and E(St(ny,ng, -, np)) =

{vv, Vi1 <7r <m,1<s <n,}. Therefore St(n,, ny, -+, ny) has m +ny +n, + -+ n,, + 1 vertices
andm +n; +n, + - + n,, edges.
Define h: V(St(nl,nz, -~-,nm)) — N by

h(v) =0
h(v,) = cPg(r) 1<r<m
h(vys) = cPg(m +s) — h(v,) 1<s<n

h(vy,s) =cPg(m+n, +s)—h(v,) 1<s<n,

h(vys) =cPg(m+n,+n, ++n._1+s)—h(v,) 1<r<m,1<s<n,
The induced edge labels are
ht(vv,) = h(w) + h(v,) = cPg(r) 1<r<m
h*(v1v15) = h(vy) + (v44)
= h(v;) + cPg(m + s) — h(v,)
=cPg(m+s), 1<s<n

R (Vi Vms) = h(vm) + (Ums)
=h(vy) +cPg(m+ny +ny, + -+ ny_1 +5s) — h(vy)
=cPg(m+n;+n, +--+n,_1+s), 1<s<n,
Clearly the edges labels are the first m +n; +n, + -+ + n,, Centered Octagonal numbers. Hence Shrub
St(ny, ny, -, Ny,) isa COSG.
Theorem 2.4
Banana tree Bt(nq, n,, -+, n,,) isa COSG
Proof
Let V(Bt(nl,nz, ---,nm)) ={v,v,w,w:1<r<m,1<s<n,—1} E(St(nl,nz, ---,nm)) =
fvv, Vw1 <r<m1<s<n,—1}
Bt(ny,ny, -+, ny) hasm +ny +ny + -+ nyy + 1verticesand m + ny + ny + +++ + nyy, edges.
Define h: V(Bt(ny,ny, -+, npy)) — N by
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h(v) =0

h(v,) =cPg(r) 1<r<m

h(w,) = cPg(m + 1) — h(v,) 1<r<m

h(wis) = cPg(2m + 5) — h(wy) 1<s<n; —1
h(wys) = cPg(2m+n; — 1+ s) — h(wy) 1<s<n,-—-1
h(wsg) = cPg(2m+ny +n, —2+s)—h(wz) 1<s<nz—1

h(wyg) = cPs2m+n, +n,++n._;—(r—-1)+s)—h(w,) 1<r<m, 1<s<n,—1
The induced edge labels are
ht(vv,) = h(v) + h(v,) = cPg(r), 1<r<m
h*(v,w,) = h(v,.) + h(w,) = cPg(2r), 1<r<m
h* (wiwyg) = h(wq) + (Wig)
= h(wy) + cPg(2m + s) — h(w,), 1<s<n;-1
=cPg2m+s), 1<s<n -1

R (WinWins) = h(Wm) + (Wins)
= h(wy,) + cPg(m+ny +ny + -+ ny1(r—1) +s) — h(wy,)
=cPg2m+n, +ny,+--+ny 1 —(@—-1+s), 1<r<ml1<s<n,-1
Clearly the edges labels are the first m+n; +ny +---+n,, Centered Octagonal numbers. Hence
Bt(nqy,n,, -+, n,,)isa COSG
Theorem 2.5
H - graphs are COSG’s
Proof
Let uq, Uy, ..., Uy and vy, Uy, ..., Uy, be the vertices of two copies of the path B, respectively. Thus, the two copies
have edge sets {w;u;41:1 < i <n—1}and{v;v;41:1 <i <n— 1} Letu,vg, wherer, s € {1, 2, ...,n}, be an
edge joining a vertex of the first copy of B, to a vertex of the second copy. The resulting graph is called an H-graph,
which contains 2n vertices and 2n — 1 edges . Define h: V(H) — N by
h(u,) =0
h(u,_;)) = cPg(i) —h(ur_;y1) ; i=12,..,r—1
h(uyy;) = cPg(r+i—1) — f(Upyi—q) ;i=123,...,n—71
h(vs) = cPg(n)
h(vg_;) = cPg(n+1i) —h(vs_jz1) ;i=12,..,s—1
h(vgy)) = cPg(n+s—1+i)—h(vgy;_1); i=123,..,n—s
Clearly h is an injective function that establishes
h*(E(H)) = {cP3(1),cPg(2), ..., cPg(2n — 1)}
This completes the proof.
Theorem 2.6
H O K; graph isa COSG
Proof
Let uy, Uy, ..., Uy be the n vertices of the first copy of B, and let vy, v, ..., ¥, be the n vertices of the second copy
of ;. For 1 < i < n, let u; and v; be the pendant vertices adjacent to u; and v;, respectively.
The edge sets of the two copies of P, are {u;u;11:1 < i <n—1}and {v;v;41:1<i<n-—1}
In addition, let{u;u{: 1 < i < n}and {v;v;: 1 < i < n} be the pendant edges and u, v, wherer,s €
{1,2, ...,n}, be the connecting edge between the two copies of .
The resulting graph is denoted by H O K;. Thus, H O K has 4n vertices and 4n — 1 edges.
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Define h:V(H © K;) — N by

h(u,) =0

h(ur_) = cPg(D) —h(up_i1) 5 i=12,..,7—1

h(ury) = cPs(r+i—1) — f(upyi-1) ;i=123,...,n—r
h(vs) = cPs(n)

h(vg_;) = cPg(n+1i) —h(vs_jz1) ;i=12,..,s—1
h(vgy;)) = cPg(n+s—1+4+i)—h(veyi—1); =123,..,n—s
h(u;) =cPg2n—-1+i)—h(w) ; 1<i<n

h(vi) =cPgB3n—1+i)—h(v;) ; 1<i<n

Clearly h is an injective function that establishes

h*(E(H)) = {cP3(1),cPg(2), ..., cPg(4n — 1)}

This completes the proof.
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  h  ( v ) = 0


  h  (   v  r ) =   c P 8  ( r )


  1 ≤ r ≤ m


  h  (   w  r ) =   c P 8  ( m + r ) − h  (   v  r )


  1 ≤ r ≤ m


  h  (   w  1 s ) =   c P 8  ( 2 m + s ) − h  (   w 1 )


  1 ≤ s ≤   n 1 − 1


  h  (   w  2 s ) =   c P 8  ( 2 m +   n 1 − 1 + s ) − h  (   w 2 )


  1 ≤ s ≤   n 2 − 1


  h  (   w  3 s ) =   c P 8  ( 2 m +   n 1 +   n 2 − 2 + s ) − h  (   w 3 )


  1 ≤ s ≤   n 3 − 1


  ⋮


  h  (   w  r s ) =   c P 8  ( 2 m +   n 1 +   n 2 + ⋯ +   n  r − 1 −  ( r − 1 ) + s ) − h  (   w  r )


    1 ≤ r ≤ m ,     1 ≤ s ≤   n  r − 1


   h +  ( v   v  r ) = h  ( v ) + h  (   v  r ) =     c P 8  ( r ) ,  


  1 ≤ r ≤ m


   h +  (   v  r   w  r ) = h  (   v  r ) + h  (   w  r ) =     c P 8  ( 2 r ) ,


  1 ≤ r ≤ m


   h +  (   w 1   w  1 s ) = h  (   w 1 ) +  (   w  1 s )


  = h  (   w 1 ) +   c P 8  ( 2 m + s ) − h  (   w 1 ) ,


  1 ≤ s ≤   n 1 − 1


  =   c P 8  ( 2 m + s ) ,


  1 ≤ s ≤   n 1 − 1


  ⋮


   h +  (   w  m   w  m s ) = h  (   w  m ) +  (   w  m s )


  = h  (   w  m ) +   c P 8  ( m +   n 1 +   n 2 + ⋯ +   n  m − 1  ( r − 1 ) + s ) − h  (   w  m )


  =   c P 8  ( 2 m +   n 1 +   n 2 + ⋯ +   n  m − 1 − ( r − 1 ) + s ) ,


  1 ≤ r ≤ m ,


  1 ≤ s ≤   n  m − 1


  m +   n 1 +   n 2 + ⋯ +   n  m


  B t  (   n 1 ,   n 2 , ⋯ ,   n  m )


    u 1 ,   u 2 , … ,   u  n


    v 1 ,   v 2 , … ,   v  n


    P  n


   {   u  i   u  i + 1 : 1 ≤ i ≤ n − 1 }   and    {   v  i   v  i + 1 : 1 ≤ i ≤ n − 1 } .


    u  r   v  s


  r , s ∈  { 1 , 2 , … ,  n }


    P  n


  H


  2 n


  2 n − 1


  h : V  ( H ) ⟶ N


  h  (   u  r )       = 0


  h  (   u  r − i ) =     c P 8  ( i ) − h  (   u  r − i + 1 )         ;     i = 1 , 2 , … ,   r − 1


  h  (   u  r − i ) =     c P 8  ( i ) − h  (   u  r − i + 1 )         ;     i = 1 , 2 , … ,   r − 1


  h  (   u  r + i ) =     c P 8  ( r + i − 1 ) − f  (   u  r + i − 1 )       ;   i = 1 , 2 , 3 , … , n − r  


  h  (   u  r + i ) =     c P 8  ( r + i − 1 ) − f  (   u  r + i − 1 )       ;   i = 1 , 2 , 3 , … , n − r  


  h  (   v  s )         =   c P 8 ( n )


  h  (   v  s )         =   c P 8 ( n )


  h  (   v  s − i )   =     c P 8  ( n + i ) − h  (   v  s − i + 1 )     ;   i = 1 , 2 , … ,   s − 1        


  h  (   v  s − i )   =     c P 8  ( n + i ) − h  (   v  s − i + 1 )     ;   i = 1 , 2 , … ,   s − 1        


  h  (   v  s + i )   =     c P 8  ( n + s − 1 + i ) − h  (   v  s + i − 1 )     ;         i = 1 , 2 , 3 , … , n − s    


  h  (   v  s + i )   =     c P 8  ( n + s − 1 + i ) − h  (   v  s + i − 1 )     ;         i = 1 , 2 , 3 , … , n − s    


  h


   h +  ( E  ( H ) ) =  {   c P 8  ( 1 ) ,   c P 8  ( 2 ) , … ,     c P 8  ( 2 n − 1 ) }


  H ⊙   K 1


    u 1 ,   u 2 , … ,   u  n


  n


    P  n


    v 1 ,   v 2 , … ,   v  n


  n


    P  n


  1 ≤ i ≤ n


    u  i ′


    v  i ′


    u  i


    v  i


    P  n


   {   u  i   u  i + 1 : 1 ≤ i ≤ n − 1 }   and    {   v  i   v  i + 1 : 1 ≤ i ≤ n − 1 } .


   {   u  i   u  i ′ : 1 ≤ i ≤ n }   and    {   v  i   v  i ′ : 1 ≤ i ≤ n }


    u  r   v  s


  r , s ∈  { 1 , 2 , … ,  n }


    P  n


  H  ⊙    K 1


  H  ⊙    K 1


  4 n


  4 n − 1


  h : V  ( H ⊙   K 1 ) ⟶ N


  h  (   u  r )       = 0


  h  (   u  r − i ) =     c P 8  ( i ) − h  (   u  r − i + 1 )         ;     i = 1 , 2 , … ,   r − 1


  h  (   u  r − i ) =     c P 8  ( i ) − h  (   u  r − i + 1 )         ;     i = 1 , 2 , … ,   r − 1


  h  (   u  r + i ) =     c P 8  ( r + i − 1 ) − f  (   u  r + i − 1 )       ;   i = 1 , 2 , 3 , … , n − r  


  h  (   u  r + i ) =     c P 8  ( r + i − 1 ) − f  (   u  r + i − 1 )       ;   i = 1 , 2 , 3 , … , n − r  


  h  (   v  s )         =   c P 8 ( n )


  h  (   v  s )         =   c P 8 ( n )


  h  (   v  s − i )   =     c P 8  ( n + i ) − h  (   v  s − i + 1 )     ;   i = 1 , 2 , … ,   s − 1        


  h  (   v  s − i )   =     c P 8  ( n + i ) − h  (   v  s − i + 1 )     ;   i = 1 , 2 , … ,   s − 1        


  h  (   v  s + i )   =     c P 8  ( n + s − 1 + i ) − h  (   v  s + i − 1 )     ;         i = 1 , 2 , 3 , … , n − s    


  h  (   v  s + i )   =     c P 8  ( n + s − 1 + i ) − h  (   v  s + i − 1 )     ;         i = 1 , 2 , 3 , … , n − s    


  h  (   u  i ′ )         =


    c P 8  ( 2 n − 1 + i ) − h  (   u  i )


  1 ≤ i ≤ n


  h  (   v  i ′ )         =


    c P 8  ( 3 n − 1 + i ) − h  (   v  i )


  1 ≤ i ≤ n


  h


   h +  ( E  ( H ) ) =  {   c P 8  ( 1 ) ,   c P 8  ( 2 ) , … ,     c P 8  ( 4 n − 1 ) }

